THE 
MATHEMATICAL 
GAZETTE 


The Journal of the 
Mathematical Association 


Vol. XLITI No. 343 FEBRUARY 1959 


The Keats of English Astronomy. W. F. Bushell 

Octahedra Inscribed in a Cube, T. Bakos 

Feuerbach’s Theorem and the Rectangular Hyperbola. 
H. Martyn Cundy 

A ‘Feuerbach’ Problem. D. G. Tahta 


The Application of Mathematics to Industry. C. Mack 


Factors of Binomial Coefficients. E. H. Lockwood and 
P. Grant 


Pursuit Curves and Mathematical Art. I. J. Good 

The Engineer's Approach to Mathematics. P. L. Taylor 
MATHEMATICAL Notes (2819-2828) 

Osrruary. Miss F. M. A. Pendry (Vera W. Gooderham) 
REVIEWS 

BRANCH REPORTS 


Address of the}Mathematical Association and of the am. 
Treasurer and Secretaries 


5s. 6d. net 


G. BELL AND SONS LTD 
PORTUGAL STREET - LONDON - W.C.2 


1 
17 
21 
23 
26 
36 
42 
37 
53 
i 
| 


THE MATHEMATICAL ASSOCIATION 


AN ASSOCIATION OF TEACHERS AND STUDENTS 
OF BLEMENTARY MATHEMATICS 


* 


‘I hold every man a debtor to his profession, from the 
which as men of course do seek to receive countenance 
and profit, so ought they of duty to endeavour themselves 

BACON 


PRESIDENT 
Prof. M. H, A. Newman, F.R.s. 


VICE-PRESIDENTS 
Prof. T. A. A. Broadbent Prof. E. H. Neville 
Dr. M. L. Cartwright, F.R.s. Mr. A. W. Siddons 
Mr. J. T. Combridge Mr. K. S. Snell 
Dr. W. L. Ferrar Prof. G. F. J. Temple, F.R.s. 
Mr. W. Hope-Jones Mr. C, O. Tuckey 
Mr. W. J. Langford Prof. A. G. Walker, F.R.S. 
Dr. G, N. Watson, F.R.S. 


HONORARY TREASURER 
Mr. J. B. Morgan 


HONORARY SECRETARIES 
Miss W. A. Cooke Mr. F. W. Kellaway 


EDITORIAL BOARD FOR THE MATHEMATICAL GAZETTE 
Prof. R. L. Goodstein, Editor, The University, Leicester 
Dr. H. Martyn Cundy, Assistant Editor, Sherborne School, Dorset 
Miss K. M. Sowden, Redland College, Bristol 


Editorial and Advertising correspondence relating to the 
Mathematical Gazette should be addressed to the Editor. 


THE 


MATHEMATICAL GAZETTE 


The Journal of the 


Mathematical Association 


Vou. XLII FeBRUARY 1959 No. 343 


THE KEATS OF ENGLISH ASTRONOMY * 
By W. F. 


The story of Jeremiah Horrocks is not perhaps as well known as 
it should be. He has been described with some justice as the Keats 
of English Astronomy. In both cases brilliant work was done 


followed by death at a very early age. Horrocks was probably 22 


and Keats only 26 when they died. He is, of course, most famous 
for having been the first observer of the transit of Venus over the 
solar disc, after having calculated, with little to aid him, that it 
would transit on a certain day and time. During the eighteenth and 
nineteenth centuries such transits were regarded as of great impor- 
tance in order to get accurately the fundamental Astronomical 
distance, ie. the distance of the earth from the sun. Once this is 
known, other planetary distances can be deduced from Kepler's 
third law. 

We now know that these transits occur in pairs over long intervals. 

A pair occurred in 


1631 and 1639 (Dee. 6 and Dee. 4) 

then in 1761 and 1769 (June 6 and June 3) 

then in IS74 and 1882 (Dee. 9 and Dec. 6) 

and will not oceur again till 2004 and 2012 (June 8 and June 6) 


This comparative rarity is due to the considerable obliquity (3-4 ) 
of Venus’ orbit to that of the ecliptic. Thus the pair are separated 
hy about 8 vears, and one pair is separated from another by over 
hoo vears. Horrocks caleulated that it would oceur in 1639 and was 
the first to observe it. We may note that 5 Transits only have been 
observed.+ 

* A paper read to the Liverpool Astronomical Society 


* Venus will sometimes miss the sun on the second of the pair of transit 
dates See the Journal of the British Astronomical Society, April 195s. 
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By W. F. BusHELL 


The story of Jeremiah Horrocks is not perhaps as well known as 
it should be. He has been described with some justice as the Keats 
of English Astronomy. In both cases brilliant work was done 
followed by death at a very early age. Horrocks was probably 22 
and Keats only 26 when they died. He is, of course, most famous 
for having been the first observer of the transit of Venus over the 
solar disc, after having calculated, with little to aid him, that it 
would transit on a certain day and time. During the eighteenth and 
nineteenth centuries such transits were regarded as of great impor- 
tance in order to get accurately the fundamental Astronomical 
distance, i.e. the distance of the earth from the sun. Once this is 
known, other planetary distances can be deduced from Kepler’s 
third law. 

We now know that these transits occur in pairs over long intervals. 

A pair occurred in 


1631 and 1639 (Dec. 6 and Dec. 4) 

then in 1761 and 1769 (June 6 and June 3) 

then in 1874 and 1882 (Dec. 9 and Dec. 6) 

and will not occur again till 2004 and 2012 (June 8 and June 6) 


This comparative rarity is due to the considerable obliquity (3-4°) 
of Venus’ orbit to that of the ecliptic. Thus the pair are separated 
by about 8 years, and one pair is separated from another by over 
100 years. Horrocks calculated that it would occur in 1639 and was 
the first to observe it. We may note that 5 Transits only have been 
observed.* 

* A paper read to the Liverpool Astronomical Society. 


+ Venus will sometimes miss the sun on the second of the pair of transit 
dates. See the Journal of the British Astronomical Society, April 1958. 
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Who was he? He was born in 1618 and lived in Toxteth, Liver- 
pool, though it is possible he was born at Bolton. If so, his father 
must have moved to Toxteth when he was quite young. We do 
know that in 1632 at the age of 14 he went to Emmanuel College, 
Cambridge, where his name can still be seen in the college register 
under the date May 18, when he entered. Actually this is the year 
in which John Harvard, subsequently to become famous as the 
founder of the great University in America, took his degree at 
Emmanuel, so that he was only a year or two senior to Horrocks. 
The age of entry viz. 14 was not exceptional at that time. Milton 
entered the neighbouring college of Christ’s at 15, and the son of 
Evelyn the diarist entered Trinity, Oxford, at 12. Ages in those 
days had not become standardized. When I was a young man I 
knew Dr. Scott, head of the manuscript department of the British 
Museum, and he told me that his grandfather was at Eton from the 
age of 5 to 21. How a boy of 5 managed in a rough public school of 
those days I cannot imagine. 

Horrocks was a sizar which means that he probably waited upon 
the Fellows at table, and may even have helped in the college 
kitchen or buttery. Actually the ordinary entrant had to be over 
14 on the day of matriculation July 5, unless special leave was given 
and noted in the register. There is no indication of any such special 
leave. Hence he could not have been born later than July 5, 1618, 
and the usually given date of 1619 is incorrect. Further we know 
that he died on Jan. 3, 1641 at the age of 22. Hence he must have 
been born later than Jan. 3, 1618. Further than this we cannot go 
except to conclude that he was perhaps 22} at his death, and was 
born in the first half of 1618. 

It is worth remembering that Isaac Newton was not yet born. 
There was no Professor of Mathematics or Astronomy at Cambridge. 
Probably Horrocks largely learnt Latin, the learned language of the 
time, the Esperanto of that date. Indeed his book on the Transit 
was, as we shall see, published in Latin, as was Newton's great 
“Principia” at the end of the century. A list of his textbooks has 
survived, and is in the library of Trinity College, Cambridge. None 
of them had been published in English. Hence he had largely to 
teach himself, and it is amazing how, entirely from foreign books, and 
with no tutorial help whatsoever, he gained his knowledge of Astron- 
omy. This is surely a contribution to the doctrine that nothing is 
impossible to a man with sufficient intellectual energy and force. 

He appears to have left Cambridge after 3 years in 1635 without 
taking a degree, but he must have accumulated some Classical 
learning. His Astronomy was what we should to-day call his hobby, 
and somehow he taught himself to understand the books on that 
subject that were then available. He himself says ‘‘Nothing could 
be more noble than to contemplate the manifold wisdom of the 
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Creator, but not with the gaze of vulgar admiration but with a 
desire to know the causes, and to feed upon this beauty by a more 
careful examination of their mechanism.”’ Clearly he was self-taught 
in Astronomy using the very few books then available. Speaking of 
his studies he says “the tediousness of study should be overcome by 
industry, my poverty by patience, and that instead of a master I 
would use Astronomical books. Armed with these weapons I would 
contend successfully.” 

I always like to think of him as a gifted boy of 14 at Toxteth and 
his father, clearly perceiving this, and realizing that local tutors 
could do little more for him made a supreme effort, in spite of the 
poverty alluded to previously, to send him to a University. There 
were no Borough or State Scholarships in those days! But I expect 
a Sizar could manage on very little. 

We must remember that the three laws of Kepler about the 
planets were now known. The first two had been announced in 
1609 and the third in 1619. They were not proved mathematically 
till later in the century by Newton, but Kepler announced them as 
the result of patient observation. He had assistance from the work 
of Tycho Brahé. Horrocks, however, was led to follow Lansberg, 
a Flemish mathematician, but after buying a telescope for half a 
crown, and making his first observation of the position of the planets 
for himself, he began to realize that Lansberg, who had condemned 
the tables issued by Kepler, was in error, and that it was better to 
follow Kepler himself. He also made the acquaintance of William 
Crabtree, a draper of Manchester, 7 years older than himself, whose 
hobby was Astronomy, and found that he too considered Kepler to 
be right, and the criticisms of Lansberg to be unjustified. Crabtree 
will appear later in this story. 

We do not know exactly what he did after leaving Cambridge at 
the age of 17 in 1635, but there is no doubt that during the next 4 
years from the age of 17 to 21, he must have given his main attention 
to Astronomy. It is at the age of 21 in 1639 that we find him at 
Hoole watching the transit, but how long he had been there is 
unknown. Presumably during these 4 vears he was in some way 
earning his living. 

What were his discoveries during this period? It is important to 
remember that his fame rests on these, as well as on the Transit we 
shall come to presently. One of his earliest was that the Moon 
travelled in an elliptic path round the Earth, with the latter in the 
focus. He also showed that the movement of the line of apses was 
due to the disturbing effect of the sun. He clearly realized that the 

‘arth was the centre of attraction to the Moon, and that the Sun 
attracted both. Indeed Newton says at a later date after the theory 
of gravitation had been propounded “There are many irregularities 
in the Moon’s motion not yet noticed by Astronomers. They are 
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all deducible from our principles, and are known to have a real 
existence in the heavens. This may be seen in the hypothesis of 
Horrocks which is the most ingenious and, if I do not deceive 
myself, the most accurate of all.” Flamsteed, the first Astronomer 
Royal, and Halley his successor at a later date, say much the same. 

Horrocks also detected what are known as the long inequalities 
in the opposite sense in the motions of Jupitor and Saturn. He 
worked on comets and the tides. In the case of the former he inferred 
that they, like planets, moved in elliptic orbits. In the latter case 
(i.e. of the tides) no published work survives. 

Further he greatly improved the determination of the distance of 
the sun. Kepler believed it to be about 14 million miles. Horrocks 
increased this figure to 60 million, about two-thirds of the actual 
distance. This was a great step forward, giving a far better idea of 
the scale of the Solar System. Indeed Newton 50 years later adopts 
a smaller distance, at all events in his earlier and more productive 
days. 

Once again I stress the fact that these and other results were 
obtained by a youth between 17 and 21, self-taught and almost 
unaided. It is not surprising that his name has been kept in affec- 
tionate memory. But it is not perhaps for the above that his name 
mainly survives. He is largely remembered for an observation he 
made and which he owed to his own improvements in the table for 
the position of Venus. Kepler in 1626, when Horrocks was 8, had 
published a small book on Astronomical Curiosities in which he had 
foretold that Venus would pass across the sun’s dise in 1631, and 
not again till 1761. This transit of 1631, when Horrocks was 13, was 
looked for by Gassendi, a Parisian Astronomer. He had been the 
first to see a transit of Mercury on November 7, 1631,* a far more 
common phenomenon because the planet is nearer the sun, but 
failed to see the transit of Venus for the reason, now known, that it 
occurred in night time in Europe Dec. 6, 1631, and the Mayflower 
pilgrims, who might have seen it, had other things to do. But 
Horrocks detected an error in the then accepted tables for the 
motion of Venus and, to his joy, calculated that there would be 
another on Nov. 24, 1639 (O.8.) or Dec. 4, New Style. 

Horrocks by this time was aged 21 and, it has hitherto been 
believed, was a curate at Hoole, some 20 miles north of Liverpool 
on the road to Preston. Doubt has been thrown upon this curacy, 
but more of this later. He was certainly living at Hoole. He wrote 
to his younger brother Jonas at Liverpool and to his friend William 
Crabtree at Manchester, to ask them to make an attempt to observe 
the transit. He especially asked them to observe the diameter of 
Venus which Kepler had put at 7’, and which Horrocks believed to 


* Note: Some recent ones are Nov. 1953, May 1957; then Nov. 1960 and 
May 1970. 
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be about 1’. This of course refers to the parallax or angle the disc 
subtends at the eye of the observer at the time of transit. 

The great day approached. According to some of the tables then 
in use, and in which he disbelieved, it might occur on Nov. 23, and 
unwilling to depend entirely on his own calculations, he watched 
without result during that day. But he did not believe that the 
phenomenon would occur before 3 p.m. on Nov. 24 which was a 
Sunday. Naturally he could not look directly at the sun but he 
retired to his apartment, closed the window against the light, and 
directed his telescope through an aperture towards the sun, receiv- 
ing the image on a large sheet of paper. He watched anxiously for 
any dark body that might appear on this paper. 

He was probably using a Galilean telescope because it is known 
that such could at that time be obtained. Galileo had first used the 
telescope in 1612. The magnification is likely to have been in the 
neighbourhood of 10 or 12. The inverted image of the sun was 
nearly 6 inches in diameter. The screen was made by stretching a 
sheet of white paper on a board fixed at right angles at one end of a 
long bar of wood. At the other end the telescope was attached in 
such a way that its axis was perpendicular to the centre of the screen. 
About that centre a circle was described on the paper with a radius 
equal to that of the sun’s image. The observations were from inside 
a room and it is therefore probable that the wooden bar with the 
telescope attached was balanced on the window sill, while the end 
of the bar carrying the screen rested on a chair or table so that the 
telescope could be quickly adjusted as required. 

I have said that he saw nothing, as he expected, on Nov. 23. 
On Nov. 24 he watched from sunrise till 9 a.m. and from 10-12, 
again looking at 1, being called away, to quote him, “‘in the intervals 
by business of the highest importance which, for these ornamental 
pursuits, I could not with propriety neglect.’’ Hitherto it has been 
believed that this business was his duty as a curate of Hoole, but 
more of this later. At all events he returns at 3-15 p.m. to his 
observation of the sun, now low in the sky. To his delight the 
clouds had dispersed, and he saw Venus as a black spot entering 
on the solar disc, and continued viewing it till the sunset. He was 
also able to confirm his belief as to Venus’ diameter, much smaller 
than what had been quoted by Kepler. Perhaps his famous state- 
ment may be quoted—*‘About 15 minutes past 3 in the afternoon 
when I was again at liberty to continue my labours, the clouds, as 
if by divine interposition, were entirely dispersed and I was once 
more invited to the grateful task of repeating my observations. I 
then beheld a most agreeable spectacle, the object of my sanguine 
wishes, a spot of unusual magnitude and of a perfectly circular 
shape which had entered upon the Sun’s disc to the left, so that the 
circles of the Sun and Venus precisely coincided, forming an angle 


i { 


6 THE MATHEMATICAL GAZETTE 


of contact. Not doubting that this was really the shadow of the 
planet, I immediately applied myself sedulously to observe it.” 

There was only about half an hour left before sunset, so that he 
was unable to view the exit of the planet, but of that short time he 
gives details and estimates the diameter of the planet as under 1}. 
He continues “This observation was made in an obscure village 
about 15 miles to the north of Liverpool.” 

His younger brother Jonas at Liverpool, to whom he had written, 
was prevented by clouds irom seeing anything, but his great friend 
William Crabtree in Manchester got a glimpse through the clouds 
of Venus on the solar disc. Thus these two men were the first ever to 
see this phenomenon. 

Horrocks says of Crabtree at Manchester, “‘Rapt in contemplation 
he stood for some time, scarcely trusting his own senses, through 
excess of joy.” Crabtree only saw it for a very short time because 
of clouds and was apparently too thrilled to make any accurate 
observations, but his recollection of what he saw was apparently in 
good agreement with Horrocks’ careful measurement. No one in 
Europe appears to have been looking for it; still less in America 
where it could have been well observed. Horrocks writes of America 
in Latin “Venus! what riches doest thou squander on unworthy 
regions which attempt to repay such favours with gold... These 
rude people would indeed ask from us too much should they deprive 
us of these celestial riches, the use of which they are not able to 
comprehend.” 

Horrocks prepared his account of the phenomenon which he 
called ““Venus in Sole Visa” i.e. Venus seen on the Sun or, in 
modern language, the Transit of Venus, but before he could actually 
publish it he died on Jan. 3, 1641 at the age, probably, of 22 and 
was, it is believed, buried in the graveyard of the ancient chapel at 
Toxteth. A memorial stone is just inside the chapel. Newton was 
born the following year 1642. 

Crabtree only lived a few years longer, perhaps till 1652, but 
managed to preserve some of Horrock’s papers, which after his 
death, passed into the possession of John Worthington who had 
been at Emmanuel with Horrocks. {[t was not, however, until 
some years later that the papers which had survived became known. 
The well-known Dutch astronomer, Huyghens got hold of a copy 
of “The Transit of Venus” in 1660, and his friend Helvelius published 
an annotated edition, with an account of his own observations of 
a transit of Mercury, in 1661. 

Among those whose interest was aroused were certain members 
of the Royal Society and at a meeting in 1666 the macter was 
discussed, and it was decided that, if possible, the papers of this 
unknown astronomer should be produced. They were submitted to 
the Council, and it was decided to publish them under the title 
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“Jeremiae Horocci Opera Posthumae”’ i.e. The works of the late 
Jeremiah Horrocks. This was in 1666, but it is interesting to note 
that they had to postpone the publication for 6 years, till 1672, 
owing to lack of money. Exactly the same thing happened 15 years 
later, when Halley had to pay for the publication of Newton’s 
“Principia,” one of the most famous Astronomical books ever 
published, because the Royal Society was penniless. 

It was now 31 years since Horrocks had died and a good deal of 
his amazing research was deprived of its originality by the develop- 
ment that had taken place in the intervening years, but the publi- 
cation of this volume by the Royal Society together with that of 
Helvelius was sufficient to show that this man, who died so young, 
and had been buried without comment, had been an astronomical 
genius who as Sir John Herschel remarked 150 years later was ‘the 
pride and boast of British Astronomy.” His life was a remarkable 
example of a man with limited scientific education and restricted 
opportunities, who overcame them and was rewarded by phenomenal 
success but, unhappily, of posthumous fame. 

Now what was the importance of this transit of Venus? It is for 
this successful prophecy that he is generally acclaimed. I have 
already mentioned Kepler, and the 3 laws which he discovered, but 
did not prove. The proof was left to Newton. But the third law is 
such that if one astronomical distance is known in the solar system, 
all others can be calculated. Hence the importance of finding accu- 
rately the Solar parallax, or if you like to put it more simply, the 
mean distance between earth and sun. We now know it to be almost 
exactly 93 million miles. Indeed I have already mentioned that 
Horrocks had thrown doubt upon the then supposed distance and 
raised it to 60 million miles. If, however, it was possible to give the 
exact time taken by Venus to go across the solar disc, it would be 
possible to deduce the solar distance. This was realized when the 
next transits came in 1761 and 1769, and again in 1874 and 1882. 
Astronomers were then alive to the possibilities of the phenomenon. 
Hence as 1874 drew near, the Council of the Royal Astronomical 
Society signed a petition to the Dean and Chapter of Westminster 
Abbey for the erection of a monument to Horrocks. It was signed 
by many famous men and accepted. The inscription on the 
monument is as follows:— 


In memory of 
Jeremiah Horrocks 
Curate of Hoole in Lancashire 
who died on the 3rd of Jan. 1641 
in or near his 22nd year. 
Having in so short a life 
detected the long inequality in the mean 
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of contact. Not doubting that this was really the shadow of the 
planet, I immediately applied myself sedulously to observe it.” 

There was only about half an hour left before sunset, so that he 
was unable to view the exit of the planet, but of that short time he 
gives details and estimates the diameter of the planet as under 1 }’. 
He continues “This observation was made in an obscure village 
about 15 miles to the north of Liverpool.” 

His younger brother Jonas at Liverpool, to whom he had written, 
was prevented by clouds irom seeing anything, but his great friend 
William Crabtree in Manchester got a glimpse through the clouds 
of Venus on the solar disc. Thus these two men were the first ever to 
see this phenomenon. 

Horrocks says of Crabtree at Manchester, “Rapt in contemplation 
he stood for some time, scarcely trusting his own senses, through 
excess of joy.”” Crabtree only saw it for a very short time because 
of clouds and was apparently too thrilled to make any accurate 
observations, but his recollection of what he saw was apparently in 
good agreement with Horrocks’ careful measurement. No one in 
Europe appears to have been looking for it; still less in America 
where it could have been well observed. Horrocks writes of America 
in Latin “Venus! what riches doest thou squander on unworthy 
regions which attempt to repay such favours with gold... These 
rude people would indeed ask from us too much should they deprive 
us of these celestial riches, the use of which they are not able to 
comprehend.” 

Horrocks prepared his account of the phenomenon which he 
called “‘Venus in Sole Visa” i.e. Venus seen on the Sun or, in 
modern language, the Transit of Venus, but before he could actually 
publish it he died on Jan. 3, 1641 at the age, probably, of 22 and 
was, it is believed, buried in the graveyard of the ancient chapel at 
Toxteth. A memorial stone is just inside the chapel. Newton was 
born the following year 1642. 

Crabtree only lived a few years longer, perhaps till 1652, but 
managed to preserve some of Horrock’s papers, which after his 
death, passed into the possession of John Worthington who had 
been at Emmanuel with Horrocks. It was not, however, until 
some years later that the papers which had survived became known. 
The well-known Dutch astronomer, Huyghens got hold of a copy 
of “The Transit of Venus” in 1660, and his friend Helvelius published 
an annotated edition, with an account of his own observations of 
a transit of Mercury, in 1661. 

Among those whose interest was aroused were certain members 
of the Royal Society and at a meeting in 1666 the macter was 
discussed, and it was decided that, if possible, the papers of this 
unknown astronomer should be produced. They were submitted to 
the Council, and it was decided to publish them under the title 
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“Jeremiae Horocci Opera Posthumae” i.e. The works of the late 
Jeremiah Horrocks. This was in 1666, but it is interesting to note 
that they had to postpone the publication for 6 years, till 1672, 
owing to lack of money. Exactly the same thing happened 15 years 
later, when Halley had to pay for the publication of Newton’s 
“Principia,” one of the most famous Astronomical books ever 
published, because the Royal Society was penniless. 

It was now 31 years since Horrocks had died and a good deal of 
his amazing research was deprived of its originality by the develop- 
ment that had taken place in the intervening years, but the publi- 
cation of this volume by the Royal Society together with that of 
Helvelius was sufficient to show that this man, who died so young, 
and had been buried without comment, had been an astronomical 
genius who as Sir John Herschel remarked 150 years later was “the 
pride and boast of British Astronomy.” His life was a remarkable 
example of a man with limited scientific education and restricted 
opportunities, who overcame them and was rewarded by phenomena! 
success but, unhappily, of posthumous fame. 

Now what was the importance of this transit of Venus? It is for 
this successful prophecy that he is generally acclaimed. I have 
already mentioned Kepler, and the 3 laws which he discovered, but 
did not prove. The proof was left to Newton. But the third law is 
such that if one astronomical distance is known in the solar system, 
all others can_be calculated. Hence the importance of finding accu- 
rately the Solar parallax, or if you like to put it more simply, the 
mean distance between earth and sun. We now know it to be almost 
exactly 93 million miles. Indeed I have already mentioned that 
Horrocks had thrown doubt upon the then supposed distance and 
raised it to 60 million miles. If, however, it was possible to give the 
exact time taken by Venus to go across the solar disc, it would be 
possible to deduce the solar distance. This was realized when the 
next transits came in 1761 and 1769, and again in 1874 and 1882. 
Astronomers were then alive to the possibilities of the phenomenon. 
Hence as 1874 drew near, the Council of the Royal Astronomical 
Society signed a petition to the Dean and Chapter of Westminster 
Abbey for the erection of a monument to Horrocks. It was signed 
by many famous men and accepted. The inscription on the 
monument is as follows:— 


In memory of 
Jeremiah Horrocks 
Curate of Hoole in Lancashire 
who died on the 3rd of Jan. 1641 
in or near his 22nd year. 
Having in so short a life 
detected the long inequality in the mean 


| | 


8 THE MATHEMATICAL GAZETTE 


motion of Jupiter and Saturn 

discovered the orbit of the moon to be an ellipse 

determined the motion of the lunar apse 

suggested the physical cause of its revolution 

and predicted from his own observations the transit 

of Venus which was seen by himself and his friend 

William Crabtree on Sunday the 24th of November (0.8.) 1639. 
This tablet facing the monument of Newton was raised afcer 
the lapse of more than two centuries. Dec. 9, 1874. 


Over the monument are carved the Latin words in which Horrocks 
reported that he had abandoned the observations of the Sun to 
carry out his other duties “Aliis temporibus ad majora avocatus 
quae ob haee parerga negligi non decuit”’ or ‘‘Called away to more 
important matters at other times which it was not fitting for me to 
neglect on account of these phenomena.” He is alluding of course 
to what happened on that famous Nov. 24. It has always been 
supposed that these more important matters were his duties as 
curate in the church, as Nov. 24 was a Sunday. But doubt has been 
cast on this, and I shall discuss it later. 

It was not until 1826 that a commemorative tablet was put up 
in the church of St. Michael’s at Toxteth, close to the ancient 
chapel where tradition says he was buried. In 1859 a memorial 
was put up to his memory in the church at Hoole. In the East 
window there is a representation of the sun, with the small black 
spot to represent Venus upon it. 

These two monuments have the following inscriptions. 

The monument placed in St. Michael’s, Toxteth—of white marble 
mounted on a black slab shows Venus on Sun’s disc. 

Venus in Sole Visa Nov. 24 1639 
In memory of 
Jeremiah Horrocks, one of the greatest 
astronomers this Kingdom has produced; 
born in Toxteth Park in 1619, 
died in 1641 aged 22 


His observations were made at Hoole, 
eight miles from Preston, where he 
predicted, and was the first person 

who saw, the transit of Venus 
over the sun. 


This monument was erected by 
M. Holden, Astronomer 
1826. 
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Hoole church was enlarged in 1859 by erection of a chapel to the 
memory of Horrocks. Also a memorial window was placed there, 
and the following tablet. 


Jeremiah Horrocks 
Born at Liverpool, educated at Cambridge, the curate 
of Hoole, 
died in the 22nd year of his age 1641 


The wisdom of God in creation was his study from early youth; 
for his wonderful genius and scientific knowledge 
men speak of him as 
“One of England’s most gifted sons” 
“The pride and boast of British Astronomy” 
Amongst his discoveries are—the nearest approximation to the 
Sun’s parallax, 
The correct theory of the moon, and the transit of Venus 


But the love of God in redemption was to him a yet nobler theme 
The preaching of Christ crucified a yet higher duty 
loving Science much, he loved religion more; 
and turning from the wonders of creation to the glories 
of the Cross, he expressed the rule of his life 
In these memorable words— 
“Ad majora avocatus, quae ob haec parerga negligi non decuit.” 


In memory of one 
So young, and yet so learned, 
So learned, and yet so pious, 
this church in which he officiated, 
has been enlarged and beautified. 


It may well be of interest to say a little more about the 4 transits 
that have occurred since the one observed by Horrocks, and how 
they were used to determine the fundamental distance of the Earth 
from the Sun. People have forgotten to-day how long it took the 
world to discover the solar distance. Aristarchus of Samos about 
250 B.c. by an ingenious method concluded it was 19 times the 
distance of the moon. The true figure is about 375 times that 
distance. Later Ptolemy, by another method, gave a similar 
distance which was accepted, so great was his prestige, right up to 
the 16th century, until Kepler soon after 1600 raised it to at least 
14 million miles. A little later comes Horrocks with his estimate by 
various processes of 60 million miles. It was a century after his 
death, as the next transit of 1761 approached, that Halley, of comet 
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fame, suggested the use of the transit to determine this fundamental 
distance. How could this be used? 

I have already stated that when the solar distance is known all 
others can be calculated, but the determination of the sun’s distance 
is difficult. To find it an angle must be measured. We generally 
talk of the solar parallax which means the angle subtended by the 
radius of the earth as seen from the sun. Actually this angle is that 
subtended by a halfpenny at the distance of 2000 ft. Directly this 
is known, the distance of the sun can be inferred as a simple problem 
in Trigonometry. 

Further, the third law of Kepler tells us the relative distance of the 
planets provided their periodic times are known. I may remind 
you that it states that the cube of the major axis of the ellipse 
described by a planet divided by the square of its periodic time is 
the same for every planetary body. These periods, a year of course 
in the case of the earth, can be observed with great accuracy. 

Hence if one distance is known, so are all the others. The law 
itself enables us to draw the solar system to plan. But one distance 
must be known before the scale of the plan can be determined. 
Further, the smaller the distance of any planet the more favourable 
are the conditions for an accurate measurement, because the angle 
of parallax, from which the distance can be inferred is large com- 
pared with the errors of observation. Now Venus is an inferior or 
inside planet, that is to say its orbit is inside that of the earth. 
Hence when it transits the sun, its distance from the earth is roughly 
the difference between the radii or axes of the 2 orbits, and it is 
comparatively close to us. 

Halley therefore makes the suggestion, a century or so after the 
death of Horrocks, that the next transit should be observed from 
various places. The track of Venus will be different, but each 
transit can be timed. These differences of time can be translated 
into differences of space, since the distance apart of the different 
stations on the earth will be known. Hence the distance of Venus, 
and therefore by Kepler’s third law, the distance of the sun can be 
calculated. Indeed Halley emphasized that it was only necessary to 
observe the time of the beginning and end of the transit. ‘These’ 
he said, ‘‘could be determined with accuracy without any other 
instruments than telescopes and good common clocks, and without 
any qualification in the observer than fidelity and diligence with a 
little skill in Astronomy.” Hence when, in 1761, there came the 
first transit after that of Horrocks, some 122 years later, astronomers 
determined to use the opportunity. The French sent le Gentil to 
India, but the war prevented him from reaching Pondicherry in 
time. So he stayed there 8 years to await the 1769 transit, but 
clouds prevented him from seeing anything. He returned home, 
was shipwrecked twice, and found he had been given up for dead, 
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and his property divided among his next of kin. The Royal Society 
took up the matter as well. For the 1761 transit two Greenwich 
astronomers were sent to Sumatra, but they failed to get there in 
time, and made their observations from the Cape. Maskelyne, 
Astronomer Royal, viewed it from St. Helens, but was clouded out 
and saw nothing. However his sheet for personal expenses has 
survived with food £109 and liquor £119. Remember there was 
little tax on liquor then! 

These observations failed, but the Royal Society tried again in 
1769, and happily for posterity, chose Capt. Cook to command the 
“Endeavour” and observe from Tahiti. It is of interest that in 
this first voyage he lost 30 men out of a total complement of 85, 
mainly owing to scurvy, that dread disease which had imperilled 
the success of previous explorers such as Anson or Carteret. It 
was not until 1752 that a naval surgeon discovered that, given 
certain diets, scurvy was avoided. Today we should say that scurvy 
was caused by the lack of certain vitamins, and Cook was the first 
explorer to save the lives of his men when, on his second famous 
voyage only one man died out of a total of 118. Previously it had 
always been expected that a large proportion of an exploring crew 
should perish. Cook reached Tahiti on April 12 1769 and erected 
Fort Venus from which to see the transit. His real trouble was 
thefts by the natives, but on June 3 Transit day, the weather was 
perfect. A month later he sails on and discovers the 8.E. of 
Australia and New Zealand and returns famous after cireumnavi- 
gating the world in about three years. 

The result of these observations was disappointing. Unexpected 
difficulties were encountered in determining the exact instants of 
contact between Venus and the Sun. They appeared to cling 
together, a black spot appearing between the edge of Venus and the 
edge of the Sun, somewhat similar to that of a drop of ink which 
clings to a pen if slowly withdrawn from an inkpot. This has always 
been known as the Black Drop, and is due to the atmosphere of 
Venus, and the observations did not prove of great value. The 
appreciable atmosphere of Venus may well be 60 or 70 miles deep. 
We ail know that carbon dioxide is a considerable constituent. It 
may be more strictly correct to say that the Black Drop is due to 
irradiation and diffraction. Indeed many years later in 1832 Encke 
of comet fame, tried again to harmonize the results and produced 
the figure of 95} million miles, still a long way out. Indeed observers 
quite close to one another differed as regards the time of ingress by 
as much as a minute or more. Hence other methods were tried but 
even by 1870 it could only be asserted that the distance lay between 
91 and 96 million miles. 

But now the next 2 transits were approaching in 1874 and 1882. 
In spite of previous disappointments a great scheme of international 
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co-operation was arranged with improved instruments. Enormous 
trouble was taken. Allowance was made for the atmosphere of 
Venus and the personal equation of the observer but the Black 
Drop again gave trouble in spite of the precautions that had been 
taken. The result was that an uncertainty as to the solar distance 
of 1} million miles still remained. 

There is extant the private journal of Lieut. Cyril Corbet, R.N. 
who held an appointment in the expedition which went to Kerguelen 
Island, south of South Africa, to observe the transit of 1874. He 
was only 24 and clearly, from his journal, gave promise of a career 
both in the Navy and in Astronomy. This career was cut short the 
following year when he was buried with full military honours at 
St. Helena. 

Actually the transit was on Dec. 9, and he sailed from England 
as early as May 28. Simonstown is reached on June 27 and left on 
Sept. 19. They reach Kerguelen on Oct. 8 about 2 months before 
the transit. It is a desolate island, and though they had meant to 
put one station at Heard Island some way south, they finally 
decided to set up 3 stations all on Kerguelen. Corbet is in command 
of one and builds a Hut which he calls Black Drop Hut. A tame 
penguin is called Venus. His diary gives us a good deal of informa- 
tion. He tells us that on Dec. 9 the heavens were cloudy but 
hopeful. Weather at 6 a.m. very dubious, but later it improves. 

He further tells us that the first appearance of Venus on the 
Sun’s disc was at 11 hrs. 49 m 43-5 secs., but he adds “I do not 
think I could have lost as much as a minute between the above 
time and true external contact.” Half an hour later Venus is three 
quarters on. Then he quotes 12 h 19 m 26-8 sees and says “‘I believe 
this to be the moment of true contact.”” Thus Venus took about 
half an hour from external to internal contact. By 12-20 nearly 
one minute later, the Black Drop had disappeared. Three hours 
and a half later, the Sun is visible for a few seconds and he sees 
Venus one fifth off the Sun. Of the 3 stations Corbet got the time 
of Ingress only. Another got Egress but not Ingress, and the third, 
together with an American station, were like Corbet in getting 
Ingress only. It will thus be seen that this is a hazardous proceeding 
and the time taken by Venus to cross the dise might well have been 
erroneous by | or even 2 minutes in the 4 hours it took. 

The story of the Solar distance can be completed shortly by 
stating that comparative finality was not reached until recently. 
This was due to observations of the minor planet Eros, which came 
within 16 million miles of the earth in 1931. Stations in various 
parts of the world co-operated. Observations were almost entirely 
photographic; the method used was to photograph Eros and the 
surrounding stars on the same plate and then by careful measure- 
ment to determine its exact position among the stars. As this 
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position differs slightly according to the position of the observer on 
the earth, the comparison of photographs enables the relative 
displacement of Eros to be determined and the distance of the Sun 
to be inferred. It is said that 32 telescopes at 25 observatories 
co-operated, and the late Astronomer Royal was in charge of the 
programme. Many years were spent in digesting the observations 
and a result of 93,005,000 + 9000 miles was finally announced. 
It is interesting to compare this with the value 92,900,000 + 150,000 
found at the 1900 apparition of Eros. 

It might be added that the newest determination of the solar 
parallax or angle has an uncertainty corresponding to the apparent 
breadth of a halfpenny at 3} thousand miles, and has at last been 
measured with the needed accuracy. The Solar distance is the 
mean of the greatest and least distance at aphelion and perihelion. 

We must now return to Horrocks. Was he really the curate at 
Hoole?’ The memorial tablet placed in the church in 1859 claims 
him as curate. The church is half a mile north of Carr House, close 
to the “Rose and Crown” on the main road. But no record exists 
of his ordination and if, as is believed, he was born in 1618 he must, 
when at Hoole in 1639, have been below the canonical age of 23. 
Most unfortunately the baptismal registers of St. Nicholas’ church 
at the Liverpool Pierhead are missing for 1618. Of course his 
baptism may not have taken place there. Indeed if he was really 
born at Bolton, and his father moved to Toxteth, it is obvious that 
he would have been baptized at the former place. But all this is 
uncertain. However, we do know he was well under 23 at the time 
of the Transit in 1639, and it can hardly be supposed that a special 
faculty had been given to Horrocks for his ordination. 

There is the further difficulty that we know that a certain Rev. 
Robert Fogg was curate of Hoole in 1632. He was also curate in 
1639, the year of the transit, and further became Rector in 1641. 
Hence, if Horrocks was ordained, he could presumably have only 
been assistant curate or a locum tenens. To meet these difficulties 
it has been suggested he was the village schoolmaster, an office 
sometimes held conjointly with that of reader in a chapelry. In 
short he was what we call to-day a lay reader. But for that a licence 
from the Bishop was necessary, and no record of it has been found. 

Another conjecture as to his occupation at Hoole is that he was 
engaged as tutor or reader to the Stones family of Carr House. 
This would mean that he lived with this family, possibly tutored 
one or more of the younger members, and said grace at meals. There 
is certainly a persistent tradition that he observed the transit from 


this house, and it may well be that the famous phrase “‘avocatus ad’ 


majora” or ‘Called away to greater affairs” of which he speaks in 
his account of the Transit does not mean he was called away to 
clerical duties, but to the duties of a tutor. 
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Where is this house? It is marked on the 1” Map (Ref. 463214) 
Sheet 100 and is on the main road Liverpool to Preston, about 8 
miles from the latter and 20 from the former. It is really in the 
township of Bretherton which is part of the parish of Hoole. On the 
stone lintel above the porch is the inscription. 

“Thomas Stones of London Haberdasher and Andrewe Stones of 
Amsterdam marchant hath builded this howse of their oune charges 
and giveath the same unto their brother John Stones Anodomni 
1613. Laus.” 

This Thomas built the church as a chapel of ease in 1628. The 
octagonal font was given by John Stones in 1633, and when Hoole 
chapel was made a parish church in 1641, the patronage was vested 
in the builder of both house and church viz. Thomas Stones. 

Further for many years there has been a tradition that the 
transit was observed from the centre window above the porch on 
the first floor. This window looks a little to the East of South and 
gives an uninterrupted view of the sky from east to west. Horrocks 
of course, could not look directly at the sun through the telescope; 
he would have been blinded, and I have already explained how he 
got an image of the sun projected on to an opaque piece of paper. 
Experiments have been carried out to ascertain whether it was 
possible to observe the sun from sunrise to sunset at this window, 
and it is just possible to do so. Horrocks claims that he did this, at 
intervals, though you will remember, he did not see Venus till half 
an hour before sunset. Further it has been shown that from no 
other window was this possible. Lf therefore we accept Carr House 
as the site, and the tradition is persistent, this window is most 
probably the place from which the transit was observed. House 
and window can still be seen. My objection is that this would have 
been the best bedroom, and unlikely to be allotted to a tutor! 

The suggestion that Horrocks may have been tutor or reader to 
the Stones family at Carr House receives further support from the 
fact that not all the interruptions in the transit observations can 
be attributed to attendance at Hoole church. Two, at least, may 
well have been due to meals, yet the phrase “called away to more 
important matters,’ which is thought to indicate the spiritual 
value of these interruptions, clearly refers to them all, as though 
his duties included the saying of family prayers, grace before meals 
and so on. It is worth mentioning that the modern representative 
of the Stones family has been for many years a medical missionary 
in Nigeria. 

Where did Horrocks come from! Again there is a good deal of 
uncertainty, but the whole matter is discussed in Vol. 106 (1954) of 
the Transactions of the Historic Society of Lancashire and Cheshire 
by Mr. 8. B. Gaythorpe F.R.A.S. It had been believed that Jeremiah 
was the son of a small farmer of Puritan stock, by name William 
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Horrocks of Toxteth Park, but reasons are given in this article to 
show that this may be wrong and that the father was James Horrocks 
of Toxteth Park, a watchmaker. His wife was Mary Aspinall, sister 
to Edward Aspinall a prominent watchmaker and a friend of Richard 
Mather, the first minister of the chapel at Toxteth which still stands. 
James Horrocks died in May 1641, grief for his son hastening his 
own death. But details of his family remain obscure. 

This Mather is the one referred to in the memorial stone in the 
ancient Chapel of Toxteth, where it is believed Horrocks was 
buried in the graveyard which is still there. It reads as follows:— 


This tablet is erected 
to the memory 
of 
JEREMIAH HORROX 
Who foretold and was 
the first to observe 
The Transit of Venus 
across the Sun’s dise 
on the 24th Nov. 1639. 
He also made other valuable 
discoveries in Astronomy. 


He was born in Toxteth Park, 
near Otterspool, about 1618, 
and died there, 3 January, 1641. 

It is believed that before going to 
Cambridge, he was a pupil of the 
Revd. Richard Mather the first Minister 
of this Chapel, and that within its 
precincts he was buried. 


It is however a fact that Jeremiah Horrocks is rather a nebulous 
person. Despite the most diligent enquiries no record of his baptism 
or burial has been found, and it cannot be regarded as certain ‘bat 
he was buried in this churchyard. The certain dates are July 5, 
1632 when he matriculated at Cambridge which means that he was 
sworn before the Vice Chancellor in company with John Worthing- 
ton and others, being admitted to Emmanuel on the previous May 
18. And another certain date is that of his death on Jan. 3, 1641. 
There are no other certain dates. It is curious that we do know 
that John Worthington of Manchester, who was up with Horrocks 
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at Emmanuel, and saved his papers, was baptized on Feb. 8, 1618, 
and born a few days earlier; but I have already explained that the 
baptismal registers of St. Nicholas, where Horrocks may have been 
baptized, are missing. It is Crabtree of Manchester who tells us the 
date of his death and the records of Emmanuel tell us the date of 
his entry and subsequent matriculation. 

A Fellow of Emmanuel, George William Bennet, published a 
Register in 1773 giving a few further particulars of certain students 
but all he has to say about Horrocks is ‘Born at Toxteth was a very 
curious Astronomer.” The evidence for James Horrocks the watch- 
maker, being his father, rests on a chance remark made by Crabtree 
in a letter to his friend William Gascoigne. These letters survived 
and were seen by Flamsteed, the first Astronomer Royal in 1672. 
He transcribed some of them, among which is the statement that 
Jeremiah’s father ‘died May 3, 1641, grief for his son hastening his 
own death.” The letters have now disappeared. But the Bishop’s 
transcript records the burial of a James Horrocks of Toxteth on 
May 4 at St. Nicholas Church. The close correspondence is striking 
and would seem to show that this James was the Father. There is 
no record of the Brother Jonas who failed to see the transit owing 
to clouds at Liverpool, but the family may have come from Bolton 
where a Jonas Horrocks was baptized in 1622. 

It would therefore seem possible, in spite of Bennet’s statement, 
when this and slight additional evidence is considered, that the 
astronomer was born at Bolton and, at an early age, came with 
his father James to Toxteth. I often think that little appreciation 
here is shown of this great astronomer of whom Lancashire should 
be proud. Carr House is not a place of pilgrimage. Most people 
are unaware of the discoveries made by this young man who died 
at 22. But surely they should know he was the first to prophesy 
and observe the transit of Venus. In 2004 I do not doubt it will be 
regarded as of great interest, even though it will have lost the 
importance attached to it in 1761 and 69, and 1874 and 82. But 
tribute can still be paid to one whom, as I said at my commence- 
ment, might well be regarded as the Keats of Astronomy; and 
whom Lancashire should honour for his astronomical discoveries 
and, above all, for his ‘“Venus in Sole Visa” i.e. The Transit of 
Venus, “that exquisite relic” as Prof. Grant says ‘‘of one of England’s 
most gifted Sons.” 


I must acknowledge my indebtedness to “‘The Transit of Venus 
across the Sun’”’, a memoir and translation by Rev. A. B. Whatton 
(1859), and to various astronomical journals. 


W. F. B. 
Colonsay, Talbot Road, Birkenhead pa 


OCTAHEDRA INSCRIBED IN A CUBE* 
By T. Baxos 


The following problem was proposed by Dorman Luke, Math. 
Gazette, Vol. XLI, p. 194 (1957): 

Inscribe a regular octahedron in a cube, so that its vertices are 
one on each of six edges of the cube. 

Four such octahedra can be inscribed; what is the solid with 32 
faces which is common to these four? 

Starting with the octahedron, how many cubes can we circumscribe 
to it in this way? 

Again, what solid formed by their vertices encases them all? 


Fia. 1 Fia. 2 


The construction of one of the four regular octahedra inscribed in 
the cube proceeds as follows. We choose one of the four space- 
diagonals (vertex-axes) of the cube, with edge-length e, =e: this 
will be one of the four face-axes of the octahedron. We divide the 
diagonal DF by the points J, 0, K into four equal parts: DJ = 
JO = OK = KF, and take the planes through J and K perpendicu- 
lar to DF. (Fig 1). These intersect the cube in the triangles MN P 
and QRS, that is, a pair of opposite faces of the octahedron, so that 
its vertices are defined. Then DM = DN =... =FS = 3e/4, and 
thus MN? = 9e?/16 + 9e?/16 = e?/16 + e? + = etc.; 
hence for the edge-length of the octahedron, e,) = 3V 2¢,/4. 

To each diagonal of the cube belongs one such octahedron; these 
four are different from one another. 

Let us take the three face-axes of the cube as coérdinate axes 
and choose the unit of length so that D is (—2, —2, —2) and F is 


* Translated from the German by Norman W. Johnson, University of 
Toronto. 
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2, 2, 2)—that is to say, e = 4; thus the vertices of the “first” 
octahedron are: M(1, —2, —2), Q(2, 2, —1), ete. The 24 vertices 
of the four octahedra are obtained by varying the signs and permut- 
ing the absolute values in (+-1, +2, +-2), and similarly the equations 
of their 32 planes: 


tet+ytz=4, (1) 
(2) 


The set of 23 = 8 planes of type (1) (stippled in Fig. 3) defines a 

regular octahedron with vertices 7T(+3, 0, 0), and that of the 
! 

52° = 24 planes of type (2) defines a deltoidal icositetrahedron 
with the 6 + 12 + 8 vertices U(-+%, 0, 0), V(+3, +3, 0), W(+, 
+2, +3) (Fig. 2). The common part is the polyhedron with 32 

triangular faces and the 6+ 12 vertices U and V (Fig. 3). The 

four octahedra are shown together in Fig. 4. 

Conversely, from the regular octahedron with vertices (+-9, 0, 0) 
one arrives at the circumscribed cube as follows. We select one pair 
of opposite faces and thereby one of the four face-axes of the 
octahedron, e.g., the faces QRS and MNP (Fig. 5), with Q(9, 0, 0), 
R(O, 0, 9), S(0, 9, 0), (0, —9, 0), N(O, 0, —9), P(—9, 0, 0); thereby 
the end points of the face-axis are K(3, 3, 3), J(—3, —3, —3). We 
extend JK in both directions by JK/2, obtaining D(—6, —6, —6), 
F(6, 6, 6). We extend FQ beyond Q by QB = FQ/3, obtaining 
B(10, —2, —2), ete. (see Fig. 6). 

Four such different cubes can be circumscribed about the octa- 
hedron, one to each face-axis of the octahedron (Fig. 7). 

The coérdinates of the 8 + 24 = 32 vertices of the four cubes are 
the following: 


F(+6, +6, +6) and B(+10, +2, +2). 
Six sets of four points of type Beach form a square with side-length 


; 
Fie. 3 Fic. 4 


OCTAHEDRA INSCRIBED IN A CUBE 19 


4, and 12 sets of six points FBBFBB each form a biaxially 
symmetric hexagon with four sides 4,/3 and two sides 4. 

The solid can be derived from the rhombic dodecahedron when 
the four-edged vertices of the latter are suitably cut off; in fact, 
the rhombic dodecahedron bounded by the 12 planes of type 


t+aty+0.z=12 
is truncated by the 6 planes of type 

+#+0.¥y+0.z=10 
(cube-rhombiec dodecahedron combination). 


10, 2,2) 


Fic. 8 


Consider now the dual problem: In the octahedron (--a, 0, 0) 
one can inscribe 3 cubes (the vertices of the cubes on the edges of 
the octahedron) (Fig. 8). The codrdinates of the 3 . 8 = 24 vertices 
of the cubes are: 


A Fic. 6 

Fic. 7 
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and the equations of the 3 . 6 = 18 planes: 


+2+0.¥+0.2=[/2 — lla (6 planes), 
— lla (12 planes), 

which is again a truncated rhombic dodecahedron. 
Conversely: About the cube (+-b, one can circumscribe 


3 regular octahedra (the edges of the octahedra through the vertices 
of the cube); their vertices are: 


(+[4/2 + 1]b, 0,0) (6 vertices of this type), 


(.[1 + wal wall 0) (12 vertices). 
v2 v2 

These correspond to the foregoing U- and V-vertices of the deltoidal 

icositetrahedron whose three-edged vertices are ‘completely trun- 

cated”; that is to say, the truncating planes pass through the three 

end points of the edges radiating from the truncated vertex. 


PROBLEM 


What is the situation now with respect to the dodecahedron- 
icosahedron pair? 


Bolyai Institute of the University of Szeged (Hungary) T. B. 


MATHEMATICAL COLLOQUIUM AT ST. ANDREWS 
A Mathematical Colloquium will be held at the University of St. 
Andrews in July 1959. Application for Membership should be made 
to Mr. J. R. Gray, St. Salvator’s College, St. Andrews. 


WANTED 


Key to Loney’s Plane Trigonometry, Part IT. 
Key to C. 8. Smith’s An Elementary Treatise on Conic Sections. 
Offers for sale to Miss K. Urwin, 1 Inglefield Ave. Heath, Cardiff. 


‘FOR SALE 


Mathematical Gazette Nos 276-339 inclusive, but lacking Nos 281, 
284, 300, 302, 308, 312-321, 330, 331, 333, 334, 338. 

Offers to Miss W. R. Grady, The High School, Blackburn, Lancs. 

Mathematical Gazette. Nos. 95-253, 255-263, 265-268, 273-277 
282-339. 

Offers to Mr. W. H. E. Bentley, 4 Meadows Way, Wembley. 


FEUERBACH’S THEOREM AND THE 
RECTANGULAR HYPERBOLA 


By H. Martyn Cunpy 


This note was suggested by Dr. Maxwell’s query in the May 
“Gazette” for a simple proof of the fact that the rectangular 
hyperbola whose centre is the point of contact of the nine-point 
circle and the inscribed circle of a triangle and which passes through 
the vertices, also passes through the incentre. This fact appears as 
a special case, together with a number of other interesting results, 
which include a new proof of Feuerbach’s Theorem. 

The key theorem, on which all the rest depends, is the following. 

TuHroreM. ABC is a triangle inscribed in a rectangular hyper- 
bola. P is any point on the r.h. Then the pedal circle of P (the 
circle through L, M, N, the feet of the perpendiculars from P to the 
sides of A BC) passes through O, the centre of the r.h. 

Proof. Let B’, C’ be the mid-points of AC, AB and let U be the 
mid-point of PA. By a well-known result, O is on the nine-point 
circle of the triangle APC, i.e. the circle UM B’. Hence 


MOB’ = MUB’ = AUB’ — AUM = APC — 2APM 
= APC + 2PAC — x = PAC — PCA (angle-sum of APC) 


A 
u SM 
N 
B 
Fig. 1. 
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Similarly 
NOC’ PAB PBA. 


Also, since OB’, AC are equally inclined to the asymptotes, and 
also OC’, AB, it follows that B’OC’ = CAB. 


Hence MON = BOC’ — MOB’ — NOC’ 
— CAB — (PAC — PCA) — (PAB — PBA) 
— PCA + PBA. 
But MLN = MLP + PLN = MCP + PBN 
(from eveclic quads. MPLC, NPLB) 
= MON, and the result follows. 


Feversacn’s THeorem. If P* is the isogonal conjugate of 
P with respect to the triangle A BC, then P and P* have the same 
pedal circle. This circle will contain O and 0*, the centre of the 
rh. P*ABC. O and O* are also, of course, on the nine-point circle 
of the triangle. Hence O and O*, the centres of the rectangular 
hyperbolas PABC and P*A BC, are the intersections of the pedal 
circle of P and P* with the nine-point circle of the triangle A BC. 
P and P* coincide at J, J,, I,, I, the incentre and ecentres. In 
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these cases, therefore, O and O* must also coincide; i.e. the nine- 
point circle touches the incircle and the three e-circles. The 
corresponding r.h.’s contain J, J,, J», 15. 

Further Consequences. If P is on the circumcircle, P* is at infinity 
in thg direction perpendicular to the pedal line of P. This pedal 
line meets the nine-point circle in Q, the mid-point of PH, and in 
Q*. Q, as is well-known, is the centre of the rh. ABCP. Q* must 
therefore be the centre of the r.h. ABC P*, which has for asymptotes 
the pedal line of P, and the perpendicular to it at Q*. But this line 
will meet the nine-point circle again at V, say, diametrically 
opposite Q, and the mid-point of HU, where U is diametrically 
opposite P on the cireumcirele, and will be the pedal line of U. 

We can, however, proceed further than this. The transformation 
which turns each point into its isogonal conjugate, P —» P*, can be 
expressed in trilinear coordinates in the simple form x’ = 1/z, 
y’ = lfy, 2’ = Iz. Any conie through ABC, with equation of the 
form fyz +s gzx +- hey == 0, becomes the straight line fr + gy 4- hz 

= 0. Rectangular hyperbolas, therefore, which all pass through g, 
the orthocentre, become straight lines through S. the circumcentre. 
Combining this with the key theorem, we obtain the following: 

THeEoreM. The pedal circles of all points on a diameter of the cir- 
cumcirele have a point in common which is the centre of therectangu- 
lar hyperbola formed by their isogonal conjugates. This point is on 
the nine-point circle (which is the pedal circle of 8) and is the point 
of intersection of the two pedal lines of the points where the dia- 
meter meets the circumcircle. These pedal lines are the asymptotes 
of the rectangular hyperbola. 

The particular case when the diameter is the Euler line is of 
interest. Since H is on the line, the r.h. contains S, and since @ is 
on the line it contains K, the symmedian point. Hence ABCHSK 
lie on a rectangular hyperbola, whose centre is one intersection of 
the pedal circle of G and K with the nine-point circle. 

H. M. C, 
Sherborne School 


A ‘FEUERBACH’ PROBLEM 
By D. G. Tanta 


The following remarks take up Dr. Maxwell’s invitation to 
beginners to identify the centres of various rectangular hyperbolae 
through the vertices of a triangle (Maths. Gazette XLII No. 340 
1958 p. 114). 

Let (X YZ) denote the locus of centres of rectangular hyperbolae 
through three points X, Y and Z namely the nine-points circle of 
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B xX A' Cc 
Fig. 1. Fig. 2. 


the triangle XYZ. If O is the centre of the unique rectangular 
hyperbola through four general points A, B, C and D then O lies 
on (ABC), (BCD), (CAD) and (ABD). Hence these circles meet in 
the point O so that O may be found as the point of intersection of 
(ABC) and (BCD) other than the midpoint of BC. This establishes 
a general method for determining the position of the centre. The 
following particular cases are discussed below: (i) D at the incentre 
I of triangle ABC, (ii) D at the circumcentre S of triangle A BC and 
(iii) D at any point of the circumcircle of triangle 4 BC. 

(i) In Fig. 1. A’, R are midpoints of BC, IC respectively and X 
is foot of perpendicular from I to BC. RXC = RCX = }C and 
RA'C = so that AR’X = }3(B—C). Hence A’X subtends 
}(B — C) on (1 BC) and so subtends same angle at required point O 
on (ABC). Similar results hold. for B Y,C’Zon m CA, AB B respectively 
so that in Fig. 2 C’ 04 = — B) and BOY = C). But 
since O is on (A BC), BOC’ = B'A'C' = A. Hence YOZ = MB +C) 
= 90° — 44 = 4Y1Z. Thus O lies on the in-circle of triangle A BC 
which by Feuerbach’s theorem touches the nine-points circle. 
Hence the centre of the rectangular hyperbola through the incentre and 
vertices of a triangle is the point of contact of the in-circle and nine-points 
circle. 

(ii) When D is the circumcentre S of triangle ABC it is easier to 
identify the centre of the rectangular hyperbola through A, B, C 
and D (which also passes through the orthocentre H of triangle A BC) 
as the intersection of (ASH) and (A BC). 

In Fig. 3 P, P’ and the nine-points centre N are midpoints of SA, 
AH and SH ' respectively. L is the point on the Sener ABC 


such that LAQ = = SQA where Al cuts SH at Q. Since SAI =: HAI 
then LAS = AHS. If O is midpoint of HL the triangles LAS, 
OP'N are homothetic with centre H so that OP’N = LAS — 
AHS = NPP’. Since O is on (ABC) OPN = P'ON and P’N 
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subtends NPP’ at O. Hence 0 lies on (ASH) namely the circle 
PP'N. Thus if the line through A with same inclination to AI as the 
Euler line SH cuts the circumcircle in L then the required point O is 
the midpoint of HL. 


J Q N H 
Fie. 3. 


(iii) When D is on the cireumcircle it is easy to prove by the method 
of (i) that the corresponding centre O lies on YZ where Y, Z are 
feet of perpendiculars from D to CA, AB respectively i.e. that O 
lies on the pedal line of D with regard to the triangle A BC. Similarly 
it can be shown that O lies on the pedal line of D’ where DD’ is a 
diameter of the circumcircle. Hence if a rectangular hyperbola 
through the vertices meets the circumcircle again at D then its centre is 
the intersection of the pedal lines of D and D’. Then pedal lines cut 
at right angles (on the nine-points circle) and it is this well-known 
property which is generalized by Baker (Intro. to Plane Geometry 
p. 117) who solves the ‘Feuerbach’ problem by showing that the 
centre of the rectangular hyperbolae through four general points is 
the intersection of the pedal circles of each point with regard to the 
other three. This point is the same as the intersections of the 
nine-points circles above (ef. Baker op. cit. p. 158). 

D. G. T. 
St. Albans School 


Editorial Note. Solutions to this problem were also received from Prof. 
H. Simpson, Mr. R. F. Cyster, and Mr. R. Sibson. 


‘THE APPLICATION OF MATHEMATICS TO INDUSTRY’* 
By C. Mack 


I shall start this address with a few words about economics. It 1s 
unfortunate that few people will admit that the cause of our chronic 
dollar indebtedness is the reluctance of consumers abroad to buy 
our goods when they can get American equivalents. Why are 
American goods preferred to ours when American industrial workers 
have wages with five times the purchasing power of their British 
counterparts? The brief answer is that the Americans apply 
mathematics on a big scale in their industrial administration and in 
their technology. There are signs, too, that the Russians are also 
doing this, and they are also entering the export markets. Jeremiahs 
are not popular but it seems imperative for me to state that Britain 
must emulate these two rivals in order merely to survive and that 
our only hope of doing this is to replace crude trial and error 
methods by widespread scientific (and that means mathematical) 
calculation everywhere. Some of our firms do conduct their organi- 
sation and research in an admirable manner and some Research 
workers are well aware of what Professor Temple has called the 
“all-pervasive’ nature of mathematics. Unfortunately they are too 
few. 

I now propose to convince you (if needs be) of this all-pervasive- 
ness, illustrating by examples from Industrial Administration and 
Research and Development which are the two main headings under 
which I shall deal with the industrial application of Mathematics. 

The following diagram shows roughly how mathematics pervades 
(or perhaps I should say ‘should pervade’) the industrial scene. 
The diagram is necessarily a simplification and the interconnection 
in particular is more complex than one can show in a two-dimensional 
representation. 


DIAGRAM 


(A) INDUSTRIAL ADMINISTRATION 


(1) Exact Problems (2) Statistical Problems 
(i) Within Factory (i) Queue Theory 
(ii) Between Factories (ii) Sampling 


(B) RESEARCH AND DEVELOPMENT 


(1) Fundamental Research (2) Development Research 
(i) Mathematical Models (ii) Measuring Instrument Theory 
(iii) Properties of Given Systems (iv) Calculation of Optimum 
Parameters. 


*Address to the Mathematical Association on April 11th, 1958. 
26 


THE APPLICATION OF MATHEMATICS TO INDUSTRY 27 


The application of mathematics to administration is a feature less 
well known and also, in some respects, more striking and I will deal 
with this first. It would be as well to say, however, that mathe- 
matical organisation of production though it can be applied very 
quickly can produce improvements of the order of 100 per cent 
only whereas research and development may ultimately produce 
much higher gains. 


EXAMPLES FROM INDUSTRIAL ADMINISTRATION 
(i) Within Factory 

Complete transformation from raw material to finished product 
is rarely effected in one operation. Let us therefore consider an 
intermediate stage when an operative receives smooth cylinders, 
say, in which he cuts grooves and which are then transported to 
another operative. Suppose our operative takes S hours to set up 
his lathe and turns out the grooved cylinders at 7' per hour. If the 
next operative uses these at U per hour (usually less than 7’) an 
excess builds up. This requires storage space which costs money 
and, often, the objects stored have to be insured. Suppose the total 
storage is J shillings per cylinder per hour. The operative runs his 
lathe for R hours, say, and then a store of grooved cylinders having 
been formed, he does other work until such time as the store needs 
replenishing. The problem is to find the optimum value of R. 

Now in FR hours the operative produces 7'R cylinders and they 
will last for 77R/U hours (when production of cylinders must begin 
again). The number of cylinder-hours spent in storage can be 
shown to be $7'R?(T/U — 1). If the operative’s wages are W shillings 
per hour, then the total cost in shillings of producing 7'R cylinders is 


s7TR(7T/U —1)I + (S+ R)W. 
The cost per cylinder is, therefore, 
4R(T/U — 1)I + W/T + SW/(TR). 


The minimum of this function of R can easily be found by 
differentiation. It occurs when 


R — 


(If storage cost is a more complicated function this will usually 
present no great difficulty to the mathematically minded.) 


(ii) Between Factories 


The next example is on the large scale. Suppose (i) towns 
1,2,...A produce p,, pg,...p, tons of coal, say, per annum, 
(ii) towns 1, 2,... K consume C,, Cg, ... Cg tons of coal, (iii) the 
cost of transport of 1 ton from town 1 to town j is t,,. 
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Let x,; be the number of tons transported from i to j7. Then our 
object is to minimize the total cost of transport 7’ where 


T = tyty + + 


Remembering that the total production in town i, say is p,, and 
consumption is C, etc., we have ‘constraint’ equations as follows: 


t+ + 245 = p,,t = 1,2,... A; 
t+ +24, = C,,j =1,2,... K, 


Unfortunately the usual mathematical methods for determining 
maxima and minima fail here because, for one thing, in a real 
answer all the x,; must be positive or zero but cannot be negative. 
Trial and error, on the other hand, is incredibly laborious as a 
simple example with only a few variables will show. Nevertheless 
by the use of mathematical ideas a technique of solution has been 
worked out which gives the answer reasonably quickly. Incidentally, 
many problems inside a large factory have the same mathematical 
form as the above and are nowadays called ‘Linear Programming’ 
problems. 


STATISTICAL (PROBABILITY) PROBLEMS 


(i) Queue Theory 

In a factory one inspector will test the work of, say, twenty men 
and, on occasions they may have to wait till the inspector has 
finished testing work from one or more of their colleagues. If, as is 
often the case, they can be represented as arriving at random at 
the inspector’s desk the average waiting time can be computed and 
a decision arrived at as to whether two inspectors would reduce 
costs. Another question which arises frequently is that of how 
much stock to carry when demand is at random (or nearly so). A 
wide range of queue theory problems have been solved [1] and the 
results are available for decisions to be made. 

A similar problem is that of ‘machine interference’ i.e., the 
simultaneous stopping of several machines liable to random break- 
down (e.g. weaving looms where the warp breaks in an irregular and 
near-random manner). Then the weaver often has several looms to 
restart and production is lost. What is the optimum number she 
should look after? Khintchine [2], a Russian, gave the first 
solution to problems of this kind and perhaps I may say that, 
recently, I have solved a number of such problems in which for the 
first time machines which are different from each other are considered. 


(ii) Sampling Problems 
Such problems occur very frequently. A manufacturer or a 
consumer may wish to know what percentage of a consignment 
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will fail to pass certain tests (the technical term is ‘find the percen- 
tage of defectives’). How large a sample should he choose to 
achieve a given accuracy! Sampling techniques have been worked 
out to answer such questions and, in application, save considerable 
time and expense. 


RESEARCH AND DEVELOPMENT PROBLEMS 


The application of mathematics here can (should) be universal. 
Classification into fundamental and development research cannot 
be rigidly applied but is convenient for our purpose; (the four 
subdivisions in the diagram apply almost equally to either kind 
of research). 


(i) A Mathematical Model in Fundamental Research 


You all remember the famous Amontons’s (sometimes, unjustly, 
called Coulomb’s) Law of Friction 


F= uN. 


Recent work has shown that it is not usually very accurate except 
for metal on metal contact. Workers in this field tried many 
mathematical models to fit observed data but finally found that 


F=aN* 


gave considerable accuracy in all cases (6 is found to be smaller 
than unity). You may, too, remember the development of 
Amontons’s Law giving the tension in strings wrapped transversely 
round cylinders, namely, 


T/T, = exp — 6,)). 


This has been generalized in two ways, (i) for the above ‘power’ 
law of friction and then (ii) for strings wrapped slantwise round 
cylinders (a case occurring widely in textile technology) [3]. 


(ii) Calculation of Optimum Parameters 

A very widespread problem occurs in the design of linear servo- 
mechanisms and of any linear system which has to follow a varying 
input with some accuracy. Even if the famous Heaviside Partial 
Fraction Expansion (which usually means that a polynomial 
equation has to be solved first) is used and the actual movement of 
the mechanism (the ‘output’) calculated, one is still faced with 
deciding between several different outputs not obviously bad. It is 
usually agreed that the mechanism’s ability to follow a sudden 
displacement which is subsequently kept fixed is a good test. A 
suggested criterion of the ‘goodness of following’ is then the integral 


= E, say, 
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where « is the error (i.e. input — output). By Parseval’s Theorem 
we can express E as another infinite integral [4], involving the 
coefficients of the mechanism’s differential equation in a very 
simple manner and which is very easy to compute compared with 
that of finding ¢ as a function of ¢ and then calculating Z. Unfor- 
tunately when one has found the values of the parameters which 
make £ a minimum the ‘following’ is often not good as, usually, a 
pronounced ‘overshoot’ (circa 20 per cent) occurs. However the 
minimum of 


[fuer dt=F 


gives a better performance [4]. This, too, can be expressed in terms 
of a simple infinite integral involving the coefficients [4]. Recently, 
Talbot [5] has devised a very simple technique for calculating 


dt 
0 
exactly where r is zero or any positive integer. 


(iii) Properties of a Given System 

Some of you, saw yesterday the spinning of cotton yarn. In such 
spinning yarn is whirled round at about 10,000 r.p.m. and ‘balloons’ 
out. The properties of this ‘balloon’ are of considerable technical 
importance and a number of mathematical solutions of the problem 
have appeared in recent years each based on slightly different 
assumptions. 

Another allied problem occurs when the yarn breaks during this 
process. The bobbin still goes on rotating at its great speed and the 
broken end of that part of the yarn still attached to the bobbin goes 
whirling round with it. If this ‘lashing end’ sticks out appreciably 
from the bobbin it may (and often does) pick up oil and dirt and, 
also, may lash the two adjacent bobbins, spoiling the yarn on them. 
The differential equations of motion of this lashing end have been 
solved, using a square law air drag assumption [6]. They were of 
the Riccati type and Bessel Function theory was also of great use. 
Tests showed that the theory gave answers always within -+-5 per 
cent. 

Lack of time prevents my giving any other examples and I will 
close by relating certain events which occurred many years ago in 
the days when ‘What Manchester thinks to-day the World thinks 
tomorrow’ really was true. Research by Dr. B. V. Bowden [7] 
Principal of the Manchester College of Technology, has shown that 
when Babbage more than a hundred years ago started to make his 
calculating machine he found that engineering techniques of his 
time were too crude to work to the accuracy he required. So he 
studied the problem of improving them. The machine was never 
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fully completed but Babbage’s foreman mechanic came to Manchester 
and there, in effect, founded precision engineering. Still widely used, 
today, are his designs of spanners and screw threads, he made 
(even then) a machine which could measure to an accuracy of 
5 millionths of an inch, and we met on Wednesday evening in a 
Hall named after him. I refer to Sir Joseph Whitworth. In what 
proportions Babbage and Whitworth contributed to the founding 
of precision engineering we shall probably never know but it is my 
hope that in the near future, a similar combination of mathematician 
and technologist will yet restore our one time industrial pre-eminence. 


Shirley Institute, Manchester 20 C. M. 
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FACTORS OF BINOMIAL COEFFICIENTS 
By E. H. Lockwoop and P. Gant 


If Pascal’s Triangle is written down, it will be noticed that the 
number of odd numbers in any row is a power of 2; moreover, if 
every even number is replaced by 0 and every odd number by I, the 
result is an interesting pattern of triangles from which it is possible 
to deduce a general rule. Again, if divisibility by any prime number 
p is considered, and if every number in Pascal’s Triangle is replaced 
by its residue (mod p), an even more intriguing pattern is formed. 
These considerations led to the following investigation: 


1. To find whether ,,C, is even or odd 


Suppose that » things are arranged in a row. If from this row a 
selection of r things is made, it may or may not be symmetrical 
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about the centre of the row. Unsymmetrical selections occur in 
pairs; therefore ,,C, is odd if and only if the number of symmetrical 
selections is odd. 


(i) If n and r are both even: Let n = 2m and let r= 2t. A 
symmetrical selection must contain ¢ things from the right- 
hand half of the row and ¢ things from the left-hand half. 
The number of symmetrical selections is therefore ,,C,, and 
nC, is odd if and only if ,,C, is odd. 

(ii) If n is odd: Let n = 2m + 1, and let r = 2¢ or (2¢+ 1), t 
being an integer. When r is even, a symmetrical selection 
must contain ¢ things from each side of the centre; when r is 
odd, it must contain the centre thing as well. In either case 
the number of symmetrical selections is ,,C,, and ,,C, is odd if 
and only if ,,C, is odd. 

(iii) If n is even and r is odd: There are no symmetrical! selections, 
and ,C, is even. 


Now let » and r be expressed in the scale of notation 2. If the 
last digits are 0 and | respectively, we have case (iii) and ,C, is 
even. If not, let the last digits be crossed off. The remaining digits 
represent m and ¢t, as defined in (i) and (ii), and ,C, is then odd if 
and only if ,,C, is odd. By repetition of this argument it appears 
that ,,C, is even if any digit of n (in scale 2) is 0 when the correspond- 
ing digit of r is 1. 


e.g. 12 = 1100 (in scale 2) 
5= 101 is even. 
13 = 1101 (in seale 2) 
5= 101 is odd. 


2. To find how many of the coefficients of (x +- y)" are odd 

We have to consider all values of r from 0 to n inclusive. For 
nC, to be odd, the digits of r (in scale 2) must be 0 when the corre- 
sponding digits of n are 0; but they may be either 0 or 1 when the 
digits of n are 1. If n (in scale 2) has q of its digits 1, there are 2° 
values of r for which ,C, is odd. 

e.g. since 13 = 1101 (in scale 2), (2+ y)'* has 2%, or 8, odd 
coefficients. 


3. To find whether ,C, is divisible by a prime number p 

Let n = mp + k, where k < p, and let r = tp + s, where s < p. 
Suppose that (mp + k) things are divided into p groups of m, with 
k things over. Suppose too that the members of each group are 
arranged in order, so that for any member of one group there are 
corresponding members of the other groups. Any selection that 
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contains corresponding members of all the groups, and no other 
members of those groups, will be called symmetrical. (Such a selec- 
tion may or may not contain some or all of the k things left over). 
For any unsymmetrical selection there will be (p— 1) others, 
obtained by a cyclic interchange among the groups (the groups 
being arranged in a definite order and the interchange being 
effected by replacing any member of one group by the corresponding 
member of the following group). The number of unsymmetrical 
selections is thus divisible by p; and the total number of selections 
is congruent (mod p) to the number of symmetrical selections. 

To obtain a symmetrical selection it is necessary to take ¢ things 
from each group and s things from the k things left over: for if, 
for example, (ft — 1) things were taken from each group, it would 
leave (p + 8s) to be taken from the remaining k things, which is 
impossible, since k < p. 

It follows that 


(i) if k > 8s, the number of symmetrical selections is ,,C, x ,.C, 
(it being understood that ,Cy = 1); 
(ii) if k < s, there are no symmetrical] selections. 


But ,C, cannot contain the factor p, since k < p. Therefore ,C, 
is divisible by p if and only if k < s or ,,C, is so divisible. 

If » and r are expressed in the scale of notation p, their last 
digits are k and s respectively; and, if these last digits are crossed 
off, the remaining digits represent m and ¢ in the same scale. It 
follows that, if any digit of n, expressed in the scale p, is less than 
the corresponding digit of r, then ,,C, will be divisible by p. 

e.g. 9 = 12 (scale 7), 7 = 10 (scale 7), 6 = 06 (scale 7) .*. gC, is 
divisible by 7 and ,@, is not. 

4. To find how many of the coefficients of (x +- y)" are not divisible by 
a prime number p. 

Suppose that the digits of nm, expressed in the scale p, are 
a, b, c, d,.... For ,C, to be not divisible by p, the first digit of r, in 
the same scale, may be any number from a to 0 inclusive; the 
second digit any number from 6 to 0 inclusive; and so on. Thus the 
number of coefficients in the expansion of (x + y)" which are not 
divisible by p is 


(a + 1)(b + 1)(e + 1)(d + 1)... 
e.g. since 9 = 12 (scale 7), the number of coefficients of (x + y)® 
which are not divisible by 7 is 2 x 3, i.e. 6. 
REFERENCES 


The authors of this note have been informed that E. Lucas (Theorie 
des Nombres, pp. 417-420) gives the following theorem: 


3 
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Let p be a prime and let 
+ ap + ap? +... 
m = By + Bp + Bop? + ... 


be the representation of n and m in the scale of p. Then 


n @ Lp 


r 
where ) is interpreted as 0 for r <8; and that the same theorem is 


also proved by N. J. Fine (American Mathematical Monthly 54 (1947), 
pp. 589-592). 


Felsted School, Essex E. H. L and P.G 


PURSUIT CURVES AND MATHEMATICAL ART 
By I. J. Goop 


During the course of Civil Service committee meetings it is 
socially acceptable to draw doodles instead of smoking. The two 
drawings exhibited here are elaborations of a committee-meeting 
triangular doodle which consists of one sixth of the first drawing. 
This triangular doodle differs from one independently discovered 
by Robison (1954)* in that the present one has smaller angles and 
is taken right to the centre of the triangle. In fact Robison had 
such large angles that there was no illusion of any enveloped curves 
in his diagram. I am told by Mr. R. A. Fairthorne that these curves 
have for long been called ‘pursuit curves.’ By fitting congruent 
right-handed and left-handed triangular doodles together at random 
we get an agglomeration of ‘spearheads’ and ‘hyperboloids,’ as in 
the first drawing. It consists entirely of straight lines and can be 
drawn without using any skill. The method could be used for 
producing a dazzling form of wall-paper, possibly suitable for a 
scientific exhibition. 

If one such wall-paper is placed on top of another, the top one 
being transparent, then some rather strange new patterns emerge. 
The second drawing is a small piece cut out of such a superimposition. 
It is not large enough to give the best effects, and the originals were 
not superimposed in the most striking position, but it should serve 
to give a rough idea. 

I. J. G. 


* G. B. Robison, ‘Doodles,” American Mathematical Monthly, vol. 61 (1954), 
page 381. 


| 
| 
| 
{ 


YY CE \\\ \ 
YY, 
\ 
US | 
yj RSX \Q ON Gry | 
Wi | 
ff Sk 
G | 
Z 
Sh 
Fie. 2. 


THE ENGINEER’S APPROACH TO MATHEMATICS* 
By P. L. Taytor 


When faced with a problem, for example the design of a piece of 
equipment to meet a customer’s requirements, an engineer will 
seek to find an answer to it by the quickest and cheapest means at 
his disposal. Of those means mathematics is but one, even though 
a powerful one. The first stage in invoking its aid is to formulate the 
engineering problem in mathematical terms. This involves first, 
the separation of non-quantitative considerations which are not 
expressible mathematically (which requires engineering experience) ; 
second, the formulation of the problem in such a way that the 
required information (and no more) will be obtained with as little 
labour as possible; and third, the making of simplifying assumptions 
so that the mathematics becomes tractable and yet is a sufficiently 
good representation of the physical situation. Both these last 
processes require a balanced knowledge both of engineering and of 
mathematics. (This is an aspect of undergraduate training which 
could with advantage receive better treatment.) But even when 
the resulting equations have been solved the engineer’s task is by 
no means over; the solution to a mathematical equation is a long 
way from being the answer to an engineering problem. Given the 
solution the next step (the inverse of formulation) is the interpreta- 
tion of it. This often involves investigating the effect of variation 
of the parameters of the problem and requires much computation. 
The place of electronic computers in the scheme of things becomes 
evident. Finally, when a satisfactory interpretation has been 
achieved the engineer may proceed to the answer to his problem. 

The close association of mathematics and engineering raises 
interesting problems in the mathematical training of engineers, 
who usually have brains that are not, by nature, mathematically 
inclined. It is argued, in view of the practical approach to mathe- 
matics adopted by the engineer, that the teaching of it should be 
similarly practical. But with the pace at which engineering is 
developing an engineer has much need of continuing to learn 
mathematics after ending his formal training, which he will have to 
do by studying mathematical text-books. In his undergraduate 
days he should be taught how to do this. It is suggested therefore 
that it is more, rather than less, necessary that the engineering 
student should be told something of mathematics as a language and 
of its philosophy. 

T. 

* Abstract of a lecture to the Mathematical Association, April 1958. 


OBITUARY 


MISS F. M. A. PENDRY (1892-1958) 


It is with very deep regret that we record the death of Miss 
F. M. A. Pendry in August last. 

She was one of the keenest members of the Mathematical Associa- 
tion. She served as a committee member of the London Branch for 
many years, being chairman for the three years 1950-1952 and vice 
chairman for the four previous years. She was a member of the 
Associated Examining Board and helped in the formation of a 
Syllabus for a Certificate Examination for Technical Students and 
she was greatly interested in this new approach to the subject. She 
was also a co-opted member of the Mathematical Sub-Committee at 
the Institute of Education, for several years up to. time of her 
death. 

Miss Pendry first joined the panel of Mathematics examiners for 
the School Examinations of the University of London in 1927. Since 
then, she has acted as an examiner almost without a break. In her 
examining work she performed her duties with scrupulous attention 
to detail. Not only did she see that the candidates were treated 
fairly but her qualities, for example, punctuality, were of the kind 
which were of great value to the administrators of the examinations. 
Seldom has an examiner rendered such a long period of satisfactory 
service to the University. 

Miss Pendry was Head of the Mathematics Department at the 
John Howard School for 37 years, and those who worked under her 
appreciated the great trust she put in them. Her own approach to 
the subject was scholarly and her advanced VIth Form teaching 
superlatively good, yet she could stimulate the interest of the least 
gifted pupils, filling them with the desire to understand. She taught 
all her pupils truly to think, and those who were specially interested 
in her subject she guided with wisdom, making sure that firm 
foundations were laid. 

Her interests were wide and full of human sympathy. There were 
few countries in the Northern Hemisphere that she had not visited, 
in some cases, especially the United States of America, as a delegate 
for a Mathematical Conference. 

All who worked with Miss Pendry realise that they have been 
privileged to know a distinguished teacher with excellent organising 
ability, a selfless and loyal friend, a tactful and serene leader, and 
one with the determination to let no difficulty deflect her from her 


purpose. 


CORRESPONDENCE 


To the Editor of the Mathematical Gazette 


Sir, 

In your May 1958 issue, p. 84, Richard K. Guy gave several 
proofs of my theorem on partitions in Mathematics Magazine, 
January-February 1955, p. 160. The origin of the theorem was not 
empirical as he assumed, and was less ingenious than his proofs. 

He used Glaisher’s algebraic 1-1 correspondence between parti- 
tions of n into odd parts and partitions of n into unequal parts 
(MacMahon’s Combinatory Analysis, vol. 2, p. 12). From a slightly 
modified version of Sylvester’s graphical 1-1 correspondence be- 
tween such partitions (ibid., p. 13), I inferred the theorem and can 
also prove it. 


A 
BoA 


For example, reading the first graph upward by rows, it represents 
the partition of 14 into the odd parts 5, 5, 3, 1. Reading by three 
broken lines from A, B, C, then the single point D, it represents the 
partition of 14 into the unequal parts 6, 4, 3, 1. 

Similarly the second graph represents the partition of 13 into the 
odd parts 5, 5, 3, and the partition of 13 into the unequal parts 
5, 4, 3, 1. 

It is the absence of single points at the top of the second graph 
that makes the number of lattice points on the broken line from A 
only one greater than the number of lattice points on the broken 
line from B. Such a graph transparently exhibits a 1-1 correspon- 
dence, hard to translate into words or algebra, between partitions 
of n into odd parts greater than unity and those into unequal parts 
of which the two greatest differ by unity. 

Yours ete., Howarp D. GrossMan 
100 La Salle Street, 13 B 
New York 27, New York, U.S.A. 


CORRESPONDENCE 


To the Editor of the Mathematical Gazette 


DEAR Sir, 


7 to 10,000 Decimal Places—Frequency Distribution of Digits 


As a post-examination activity, we three members of the Seventh 
at Reading School did a count using the figures given at the foot of 
pages 14-53 of the Report of the Oxford Mathematical Conference, 
April 1957. 

There were two independent “scorers” and results were checked 
for each 500 decimals place, and so we give below the frequencies 
for each successive 500 places, with the total frequencies for 10,000 


With regard to “shortage of 
highest frequency in the 2nd set of 500. 


Yours ete., N. A. Doz, J. A. OaprEn, B. J. Vrert 


99 


places :— 
Digits} 0 1 2 3 4 5 6 7 8 9 | Cross Totals 
45 59 54 51 53 50 48 36 53 52 501 
48 57 49 52 40 47 46 59 48 54 500 
50 47 50 44 47 59 48 48 48 59 500 
39 49 54 42 55 49 58 54 53 47 500 
34 35 56 36 60 63 58 41 57 60 500 
43 62 40 41 63 47 44 49 51 60 500 
58 61 52 44 40 55 50 51 42 47 500 
45 59 53 59 47 47 46 39 53 52 500 
52 49 37 42 50 68 64 55 40 43 500 
52 54 51 49 53 40 51 56 47 47 500 
41 49 50°56 49 45 61 58 43 48 500 
50 45 47 57 57 52 45 60 47 40 500 
53 56 48 53 48 48 43 48 47 56 500 
47 51 50 61 41 60 46 40 51 53 500 
55 40 51 62 53 53 50 52 38 46 500 
59 43 48 56 55 45 49 58 42 45 500 
55 52 44 61 51 47 54 48 49 39 500 
59 39 64 51 45 44 69 39 45 45 500 
49 41 50 49 56 50 45 51 49 60 500 
39 50 55 41 44 55 49 59 49 59 500 
Totals |973 998 1003 1007 1007 1024 1024 1001 9521012) 10,001 


The lowest score is 34 for 0’s in the 5th set of 500 places. 
The highest score is 69 for 6’s in the 18th set. 


it is to be noted that 7 has the 
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To the Editor of the Mathematical Gazette 
Dear Sir, 

To be provocative, may I suggest that one prophylactic against 
the disease which Mr. Hope-Jones depicts so vividly (XLII, 33) is 
the intelligent use of the very examples that Mr. Wheeler deplores 
(XLII, 197)? If you insist too loudly that the circular functions of 
analysis have nothing to do with angles, you may find it hard to 
explain how the tables you rely on when you have a triangle to 
solve can be of the slightest use to you when you have an integral 
to evaluate. 

Whatever the angular unit «, an angle 9 can be measured in 
terms of «, that is, expressed as fa where ¢ is a real number, and if 
y = sin 6, then y is a function of ¢ although the angle 9 has been 
used to define the functional relation, just as the measure h of my 
height in inches is a function of the measure s of my age in years 
although without me there is no definition. There are two differences. 
As it happens, y is already a pure number, and the problem of 
measurement does not come in on that side. Also you can not hope 
to get rid of me, if you are to relate h to s at all. 

Of course we can not differentiate f(9) with respect to 9 or—which 
is the same thing—f(z°) with respect to x°; we can not differentiate 
h inches, or even h, with respect to s years, but we can investigate 
dh/ds, and it is no less reasonable to investigate dy/dt. We find that 
dy/dt = k, cos 0, where k, is independent of t, but depends on the 
choice of «. If now we attempt to simplify an integral 


Ve 
r= dy 


by the substitution y = sin 9 = sin tx, we have 
t 
T= fisin 6) cos 6 dt 
4 


where sin t,x = 4, sin tpx = Ya. A sine table does not, can not, 
show @, and 4, as angles: it gives the measures of angles in terms 
of the unit adopted by the compiler. We can use any table we can 
get hold of, but we must not forget k,, the differentiation factor 
associated with the unit. 

The radian is the unit p such that the differentiation factor k, is 1. 
It is a highly artificial unit which no one but a mathematician would 
dream of introducing, and even the mathematician really does 
examples on garden rollers by counting revolutions and measuring 
the circumference. If 6 = xp, then k,f = x, whatever the unit «. 
The inequality sin 6 < tan 6 holds for an acute angle 9; we can not 
insert 9 between the extremes, but the uses to which 


sin 9 << < tan 6 
is commonly put are all served by sin 9 < x < tan 6, without 
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any measurement of arcs. With « for unit, p is the angle 
whose measure is 1/k,; to define 7 as the circular measure of a 
straight angle is equivalent to saying that with the straight angle 
for unit the differentiation factor is 7. Reading in degrees we have 
to use the factor 7/180, and there is no difference between reading 
an angle in degrees as 18;5 with differentiation factor 7/180 and 
reading the angle in minutes as 1115 with differentiation factor 
7/180 60. 

Even if the radian is not given premature standing as a ‘natural’ 
unit, the question arises why horrible discoveries are left to the 
examiner to make. True, “Let us see if you can learn as well as we 
can teach’’ was the classical invitation of examiners, not of teachers. 
The teacher’s pathetic belief that this year at least nobody in the 
class can have missed a point he has made so clear, survives shock 
after shock, and if perhaps he does forget sometimes that part of 
his job is to find out whether his confidence is justified, it is not 
fair to say that if his pupils give themselves away by accident to an 
examiner he has only himself to blame. It is not that he does not 
know that the whole argument has depended on the use of circular 
measure, or that he has not said so often enough. It is merely that 
for the purpose of verifying that there has been no misunderstand- 
ing, the usual examples, of indefinite integrals, of integrals with 
literal coefficients, of integrals devised to come out conveniently to 
recognisable fractions of 7, and of numerical evaluations left in 
some such form as 3 sin! 3+ 3 — 4/5, are utterly useless; full 
and accurate answers to these questions are compatible with a 
complete misapprehension unsuspected by teacher or taught, who 
are victims together of an almost unbroken tradition. The teacher 
who asks for the value to three significant figures of 


will learn the worst at once, but the usefulness of a question like 
this not as a test of arithmetical accuracy but as a probe is ignored 
even in M. A. Reports. 

Probably Mr. Hope-Jones’ first culprit thinks rough checks 
beneath the dignity of a student at the Advanced Level, but the 
reminder that the integral above is between 34/2 and $/%, between 
+ and V8), between + + 
and 3(4/78 + 4/74 + 4/9), and so on, recalls attention to the very 
stuff of which the integral calculus is made, and the insult may slip 


through undetected. Yours ete., E. H. NEvILie 


P.S. Given two angles «, 9, the class of fractions p/q such that pa 
is smaller than g@ is, in Russell’s sense, a real number; this number 
is the measure of § in terms of «. 
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2819. Note on the expression x,,,) 
Let x, %g,..., x, be non-negative numbers, and 


+...4+ 


where the denominators are assumed to be different from zero. 
In this note we shall prove that Q satisfies the inequality 


Q = . . %,) = 


1<Q<n-—l1, 


and that this is the best possible result. 
Since Q(x, %q,...,%,) + =n, it is sufficient 
to prove Q > 1, and since 


Q(0, as 


the lower bound of Q cannot be greater than 1. 
Now put B, = 2% + 24,,(%,4; =2,). Then Q = =z,/B,, and 


Q=x,B, = + BE + B)/ 


Since clearly 
(=2,)? > 


our result Q > 1 is thus established. 


A. ZULAUF 
University College, Ibadan 


2820. Note on some inequalities 
Throughout this note let 7,, 75, . . ., 2, be any seven non-negative 
numbers, and B, = 2, -+ 2,,, where x, = if k>7. It is 
further assumed that none of the numbers B,, Bg, .. ., B, are zero. 
Unless otherwise stated, all sums are extended to k = 1,2,..., 7. 
We shall prove the following inequalities 


(1) 1< Xz,/B, < 6, (la) 1 << < 6, 


(2) Zz,/B,.,> 3, (2a) = 3, 
(3a) = 3, (3) 3, 


(4) > 2. 


Moreover, it will be shown that the inequalities (1), (la), (3), 
(3a), and (4) are best possible results. Inequalities of the form (2) 
were considered in a recent paper by L. F. Mordell, who con- 
jectures that the inequality 


Buy = 


| 
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is false; but I do not know whether 3 is the greatest lower bound 
of the expressions on the left hand sides of (2) and (2a). 

It is sufficient to consider the inequalities (1), (2), (3), and (4), 
since (la), (2a), and (3a) go over into (1), (2), and (3), respectively, 
if we write (x2, ., for (x,, . . ., 

The inequality (1) is part of a general result published in an earlier 
note. 

For the proofs of (2), (3), and (4) we may (by a cyclic interchange 
if need be) assume that 2, > 2,(k = 1, 2,...). 

Now 


(2b) 


B B 
k>z 


since B,,,/B,,, + B,,,/By,, = 2, and similarly 


(4b) = (z,)?. 
Further 


(2c)  2(Ez,)? — 6Ez,B,,, 
= — + — + (2, — + — 2)? 
+ — + — + — 
+ — + — + + 
+ 4a,x, > 0, 
(3c) 2(Zz,)* — 627, B,,, 
= (a, + — — + (2, + — — %)? 
+ + 2% — — + — + — 
+ 2(x, — + + + > 0, 
(4c)  (Zx,)* — 2E2,B,,5 
= (x, + — — + (23 — — ay)? 
+ — + — 
+ + + = O. 


Combining (2b), (3b), and (4b) with (2c), (3c), and (4c) we obtain 
(2), (3), and (4). 

Finally we show that the inequalities (3) and (4) are best possible 
results. Putting 


(23, = (2, 0, 1, 1, 0, 2, 0) 
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we have 
By, 4 = 3, 
and putting 
(25, Zq, Zp) = (24, 8, 0, #, 0, 8) 
we have 
A. ZULAUF 
University College, Ibadan 


2821. A summation formula 


In my book of problems,' I raised the question: 
If 


= kk +), 
find 


n 
Se =SS8t-!, v=2,3,.... 


My assistant K. Milosevi¢é and my pupil D. Djokovic, each used 
induction to prove the formula 


n+v+1 


One may similarly find the summation formula for 


= 
k=1 
when 
+ 1)(k+ 2)...(k+ p). 


D. 8. Mrrrinovic 
Belgrade, Y ougoslavie 


2822. A relation between progressions 

We prove: 
If an arithmetical progression @,, da ,a3,... and a geometrical 
progression b,, by, bs, . . . satisfy the conditions 


1D. S. Mitrinovié, Zbornik matematickih problema, t.1 Belgrade, 1957, 
p- 33, probléme 68. 


| 
b,=a,, a, fay, aa,>0, (1) 
| 
3 
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then 
a, < 6, (n = 3,4,5,...) if a,>0; (2) 
a, > 6, (n = 3,4,5,...) if a, <0. (3) 


Proof. From (1) we have 


n—1 n—1 
(=) =(1+% “| 
a, a, ay a, 


Since (a, — 4,)/a, > —1, we may apply the familiar inequality 
(l+2)">1+n2,2> 


to 
{ as a, 

1 
We find 
a, — a,\*" ay — a, 
(2) =(14+ = — 
== 3, 


Multiplication by a, gives (2) for a, >0 and (3) for a, <0. 
Other proofs are given in Prof. D. 8. Mitrinovic’s book of problems. 


D. Dsoxovic 
Belgrade, Yougoslavie 


2823. On a certain differential equation 

By a suitable choice of the arbitrary constants in the solution, 
the linear differential equations with constant coefficients with 
repeated roots can be solved. 

For, take the second order equation 


d 
Aw =0 (D= =) 


Solution is 
y = Aedht + Bes”, 


To find the solution when A, = A,, we choose the constants A, B 
and write the solution in the form 
@,—4) 
y = + Bi. 


when A, A,, 


A. K. RasaGoPpaL 
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2824. Centre of gravity of a quadrilateral 
The coincidence of the centres of gravity of the quadrilateral 
and parallelogram discussed by J. J. Welch in Note 2758 is sus- 


ceptible of a simple geometrical proof. Using the same lettering 
of the figures, let L be the mid-point of AC. Join DL, BL. Take 


Cc 
M on LB such that 2LM = MB; similarly N on LD. Then the 


centre of gravity of the quadrilateral lies on MN. But MN||PS||QR. 
Also the intercept on AC between PS and MN is 3AL = 34AC; 
similarly the intercept on AC between MN and RQ = 3CL = 4AC. 

Thus MN is the bisector of ||"PQRS parallel to PS, and the centre 
of gravity is on this bisector. Similarly it is on the bisector parallel 
to PQ and SR. Therefore the centre of gravity of the quadrilateral 
coincides with the centre of gravity of the parallelogram. 


V. W. Foss 


Wyggeston School, Leicester 


2825. A note on a minimum property of the circle 


Choose an arbitrary point P inside a circle other than its centre, 
and let a normal s upon the diameter, both through P, intersect 
the circle at an angle y. With respect to rotation of s on P the angle y 
must be a minimum for the conditions stated above. 


MATHEMATICAL NOTES 


S2 
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Proof: 

Since a, = y, and a, = wy, (Fig. 1) «, must always be greater 
than «, if the distance from the centre of the circle of s, is less than 
the distance of s,. Thus, if we choose a point P inside a circle (Fig. 2) 
the normal s upon the diameter, both through P, intersects the circle 
at an angle y,. A line g, through P intersects the circle at an angle 
Yyt- A concentric circle can be drawn to which gy, is a tangent. 
The intersection point is A. Rotating the triangle OAB to OA’B’ 
does not change y,;. A’B’ is now a normal to the diameter through 
P. Since OA’ < OP it follows that y,, > y,. Applying the same 
procedure to gy also shows that y,7 > y,. Consequently, with 
respect to rotation of s on P, y, must be a minimum. 

K. Toman 
17 Otis Street, Watertown, Mass. U.S.A. 


2826. Arc length 


An empirical formula has been proposed by Colonel R. B. 
Turbutt for finding the length of any curve, however complicated, 
with a maximum error of 3%, in so far as has been ascertained 
from many curves. It is 


2-06V half chords)? +- $(X abscissae)?. 


The curve is divided up into half loops by means of chords. Any 
straight or nearly straight parts are to be measured and added 
separately. The half chords are added together, and the abscissae 
likewise, and substituted in the formula. Each abscissa must be 
the greatest height from the chord to the top of the curve: and 
thus will not necessarily be measured from the centre of the chord. 
If any half chord is less than its abscissa, then that half chord must 
be put down amongst the abscissae; and the abscissa amongst 
the half chords. Where the curve bulges laterally beyond a proposed 
chord, as in a Cardioid or Epicycloid, other chords must be drawn 
to prevent this. 


2827. Linear differential equations with constant coefficients: An 
interesting application 

Collectors of good physical examples may appreciate the following 
—if they do not already know it. 

An electron, of mass m and charge e¢, is initially at rest at O. It is 
subject to a constant electric field EZ in the direction OY and a 
constant magnetic field H in the direction OZ (rectangular axes). 
How does it move? 

It remains in the X Y plane, since both the electric and magnetic 
forces are in this plane. Let its coordinates at time ¢ be (x, y) and 
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its velocity v. The electric force is Ze in direction OY. The magnetic 
force is Hev along the normal to the path. 


Resolving in direction OX; 
mé = Hev sin yp = Hey oer) 
Resolving in direction OY; 
mij = Ee — Hev cos yp = Ee — Hex oe stan 
¥ 
Ee 


Hew 


re) X 


Integrating (1), and using the initial conditions, we have; 


ma = Hey 
Substituting for # in (2); 


This equation, with the conditions y = y = 0 when t = 0, gives; 
4 
Y = Fp, | — Cos ), os 
where = 
m 


Substituting this value for y in (3), and integrating, we have; 


Em 
Equations (4) and (5) show that the path is a cycloid, and that y 
2Em 
has a maximum value Fe * 


J. J. Thompson used this result to estimate e/m. Electrons were 
liberated, with negligible velocity, from a metal plate in the XZ 
plane, by the action of ultra-violet light. Known fields H and E 
were generated; and the maximum value of y was obtained experi- 
mentally by the gradual approach of a parallel plate connected to 
an electroscope. 

L. W. H. Hun 


4 
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2828. On the trisection of an angle 


Let AOB be a given angle, OA = OB, and let C be a variable 
point on the are AB (centre O), such that angle BOC is 24. Let D 
on OA correspond to C and make /CDA = 30°. Along DC set 
off DP = chord BC. Then the locus of P cuts the are BC at the 
point of trisection, for if Cy is the point of trisection nearer to A and 
if D, corresponds to Cy then BC, = 2 sin 4a, CoD, = 2 sin }a so 
that the locus of P passes through Cy. The locus of P is a figure of 
8 curve which is remarkably straight in the neighbourhood of C5. 
Taking O as origin and OA as the x-axis the parametric equations 
of this locus are 


x= /3sin¢d+ 2sin (6 + 24), B=30—a4, y=sin¢. 


Large scale drawings of the locus have been made by Mr. S. Mather 
and Dr. A. J. Carr, Dr. Carr’s drawing being based on a plotting of 
72 calculated points, and these have confirmed the straightness of 
the locus in the neighbourhood of the point of trisection. 

The curvature was calculated by Mr. H. F. Downton (University 
of Leicester) who obtained the following values 


0° 0-024818 0-026997 0-029374 
15° 0-017189 0-018931 0-020811 
30° 0-010500 0-011928 0-013448 
45° 0-004426 0-005633 0-006896 

6 —0-001294 —0-000233 0-000854 
75° —0-006883 —0-005902 —0-004922 
90° —0-012551 —0-011587 —0-010650 


The closeness of the locus to a straight line in the neighbourhood 
of the point of trisection suggests the following simple construction 
for the approximate trisection of an angle. 

Let AOB be the given angle. Take C,, C, on the are AB in the 
neighbourhood of the point of trisection nearer to A, and let D,, D, 
on OA be chosen so that the angles C, D, A,C,D,A are each of 30°. 


| 

| 

| t ' 

| \¢ | 

3 3 gt! 
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On D,C,, choose P, so that D,P, = BC,, D,P, =BC,. 
Join P,, P, by a straight line cutting are AB at C’; then C’ is the 
approximate point of trisection. 

In conclusion I should like to mention a simple trisection con- 
struction with compasses and ruled edge (or set square); I have 
recently devised several simple trisection mechanisms (one in 
connection with my note 2728) and one consisting of a rectangle 
from one corner of which a quadrant are has been removed. The 
following construction, however, is perhaps the simplest of them all. 


0 A bd C 


Let AOB be the given angle, OA = OB = r. On a straight edge 
mark D, E a distance r apart. Lay the straight edge on the angle so 
that D lies on AB, E on the circle centre A, radius r, and DE passes 
through O. Then OD trisects the angle AOB, as may be seen by 
considering the angles marked equal in the figure. 
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In place of the straight edge we may mark the points D, Z on a 
set square EDF (with right angle at D) which moves with ED in 
contact with a pin at O and DF in contact with a pin at C. Then 
when £ lies on AB, DE trisects AOB. 


Willesden, Holywood, Co. Down 
Northern Ireland 


ARCHIBALD H. FIntay 


CORRIGENDA 


Vol. XX XIX, No. 328, p. 111. The penultimate paragraph should 
read: 

“Tt follows that the total attraction on unit mass distant c from 
the centre, where c < a, is yM’/c?, where M’ is the mass of the sphere 
centre C, radius c. This is equal to yMc/a* only if M’: M =: a’, 
ie. the masses of concentric spheres are proportional to their 
volumes. Hence uniform density is necessary for the attraction on 
a particle within the sphere to be proportional to its distance from 
the centre.” 


Note 2739. (Generalisations of Schur’s Inequality). The second 
inequality should read 

Let n be real, n>0O or n< —I1: let f(t) (¢> 0), f(t) = 
—f(—t) (t <0). Suppose that 


z>y>z or 
ple < ym + wim (a) 


(m=n-+1)(u>0,v>0,w>0). 
Then 


uf(x — y)f(x — 2) + — 2) fly — x) + — x) f(z — y) = 9. (b) 

Equality occurs in (b) if and only if v/" = u/™ + w!/™ and also 

If —1 <n < 0, then the inequalities in (a) and (b) are both reversed. 


Vol. XLI, p. 215 line 1 up: for 2"a read 2"a 
p. 216 lines 7, 12: for integer read number. 

Vol. XLII, p. 194. Mr. C. O. Tuckey’s period of teaching at 
Winchester was during the war years 1939-44, three years after he 
had retired from Charterhouse, and not before his going as suggested 
on p. 194. 

On the same page, add Mr. A. W. Siddons’ name to the list of 
Honorary Members. 


| 
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The Development and Meaning of Eddington’s “Fundamental 
Theory.” By N. B. Stater, Pp. xii, 299. £2. 1957. (Cambridge 
University Press) 

Shortly before his death in 1944 Eddington sorted from his papers 
the almost completed manuscript of his last book. Sir Edmund 
Whittaker prepared this for the press and in 1946 it appeared, handi- 
capped by the title ‘‘Fundamental Theory.” For eleven years now the 
problem—one might say the scandal—has been with us. Here was a 
work which, on its own assertion, was of the highest importance in 
physics; yet it has been largely ignored, not for being wrong, but 
merely on account of its extreme obscurity. Some critics have, indeed, 
pointed out particular errors at various points, but as a whole tlie 
book remains as a challenge—either to be disproved or assimilated. 
The difficulties are partly of Eddington’s own making. In the first 
place it is clear, as Dr. Slater points out, that Eddington found the 
book very difficult to write. Further, the most striking feature of the 
book is the calculation of the numerical values of the various dimension- 
less natural constants. In Eddington’s hands there is a strong flavour 
of the a priori here; and this causes his readers to demand that if he 
calculates at all, he ought to produce exactly the right answer. In 
eleven years we have come quite a long way, and it is now possible to 
see that Eddington’s work is really empirical, but in a different direction 
from the usual. Moreover, to quote Dr. Slater again, Eddington’s 
work ‘loses much of its awesome nature if it is regarded as a theory 
(not as the theory!)....’’ Such a theory calculates some values of 
constants; a better theory might calculate better values. A third 
difficulty can be traced to that lucid style, so aptly illustrated by 
analogies, which Eddington used in his popular masterpieces. In an 
effort to communicate ideas of very great difficulty and novelty, he 
seems in ‘“‘Fundamental Theory”’ to rely too much on analogy and the 
“feel” of things. 

It is clear, then, that no definitive judgment of “Fundamental 
Theory” will be possible for some years. When such a judgment can be 
made it is certain that Dr. Slater’s book will have been of the greatest 
assistance in forming it. The author had access to early draft chapters 
of ‘‘Fundamental Theory.’”’ There were too many drafts to publish 
the whole, and he has chosen instead to summarize them, with quotation 
of ‘‘all passages which (a) contribute materially to the understanding 
of the final version, or (b) contain developments . . . of intrinsic interest.” 
Such a book could never be light or easy reading, and in fact this 
one can only really be read in parallel with “‘Fundamental Theory.” 
Dr. Slater has performed his collation with great care, and has given 
very numerous cross-references. 

He begins with a summary in one chapter of the five statistical theory 
chapters of “Fundamental Theory,” and follows this with five chapters 
dealing with the various drafts of these chapters, one “‘very early” 
(B), one “before July 1942” (C) and a late one of August 1943 (H). 
Then two chapters summarise firstly the Z-number algebra of ‘““Funda- 
mental Theory” and secondly the applications, and these are followed 
by chapters on the three drafts, a “very early’’ one (A), one of the 


: 
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first half of 1942 (G@) (which reads rather like a continuation of (C)) 
and the continuation of (H). A final chapter deals with a draft (Ga) 
of a chapter on the evaluation of the cosmical number which Eddington 
filed with the ““Fundamental Theory” manuscript. This chapter was 
replaced in the printed version by a paper of Eddington’s covering 
somewhat similar ground. The interest of (Ga) (which is quoted in full 
by Slater) is very great, and makes one regret the decision of the editor 
of ‘‘Fundamental Theory” in superseding it. Amongst other drafts 
of particular interest may be mentioned ‘‘draft 11°’ (an early fragment 
giving a most illuminating alternative beginning to ‘‘Fundamental 
Theory”), the planoidal treatment of Saturn’s rings, and draft 33CI 
on the uncertainty of the origin. 

This is a book for the specialist, but one may perhaps give an idea 
of the situation which has arisen by an analogy. It is as though we had 
been studying ‘“‘Hamlet’’ for many years in the usual version, and then 
as a help in our judgment we had suddenly been presented with a 
liberally annotated publication of the short “Bad Quarto’—with the 
certainty that it was an earlier attempt by the same author. The 
analogy is not farfetched; Milne said of ““Fundamental Theory” that 
‘“‘whether or not it will survive as a great scientific work, it is certainly 
a notable work of art,’’ and Slater’s book will assist us in appreciating 
it. It contains a bibliography of the slender amount of work that has 
been done in this field by others, and a good index; it is excellently 


printed. C. W. Kicmister 


Mathematics and Statistics for use in Pharmacy, Biology and 
Chemistry. By L. Saunpers and R. Fieminc. Pp. x, 257. 27s. 6d. 
1957. (The Pharmaceutical Press) 


This book has been published by the Pharmaceutical Society of 
Great Britain to meet the needs of students whose previous training 
in mathematics has been limited to the level that used to be required 
for the Matriculation Examination. A little more than half the book 
is devoted to mathematics and provides a brief revision of or an 
introduction to some aspects of arithmetic, algebra, co-ordinate geo- 
metry, calculus, and trigonometry. The rest is devoted to statistics. 

Mathematics and Statistics is clearly written and well produced. 
The examples are imaginative and well suited to the needs of the students 
for whom it has been written. The use of indices is illustrated by 
problems concerning Avogadro’s number and dimensional analysis; 
differential calculus is introduced by a discussion of the reaction velocity 
of a chemical experiment and the statistical section includes problems 
of biological and chemical assay. 

In the introduction, the needs of those who practise and study 
pharmacy are described as being for a book “which is comprehensive 
but will not require for its study an unduly high proportion of their 
time.”” These are surely conflicting requirements; a book of normal 
size cannot deal adequately with the range of subjects included here. 
Consequently the book lacks a sense of proportion. The first chapter 
on arithmetic includes an explanation of the terms integers, factors, and 
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primes and the signs x and 1/. In the Appendix, moment generating 
functions are used to obtain the mean and variance of the binomial 
and Poisson distributions. Students who can remember nothing from 
school mathematics will find this course difficult. 

Presumably pharmaceutical chemists need ‘statistics to describe 
the variability of natural phenomena and as an aid to the planning 
of experiments and the interpretation of experimental results. From 
this point of view, some of the mathematics in the Appendix is un- 
necessary, but many of the explanations of statistical concepts are 
too brief to be adequate. Topics which seem to need a fuller treatment 
include the use of mathematical frequency distributions to describe 
observed data; natural variation and experimental error; biased and 
unbiased estimates from samples; the choice of significance levels; 
and the use of regression analysis. Also it is a pity that in a book 
written for scientists, there is no suggestion that the performance of 
some simple experiments with dice or published statistics would help 
the student to understand the theory of estimation from samples. 


FreDA CONWAY 


Introduction to the Mechanics of Stellar Systems. By Rupo.r 
Kuru. Pp. 184. 55s. 1957. (Pergamon Press) 


This book discusses stellar mechanics from three distinct points of 
view. First, a system of stars is represented by a collection of mass 
points which may be treated by Newtonian particle dynamics; secondly, 
the system is represented by a hydrodynamic model, with a density 
which is a continuous function of position; and thirdly, mention is 
made of the statistical mechanics of star systems. This last method is 
referred to only briefly because the author does not consider that 
statistical mechanics can validly be applied to systems of stars. 

In the first treatment, the Newtonian equations for a collection of 
gravitating particles are studied from the standpoint of the theory of 
differential equations. Infinities in the field intensity at the particles 
are eliminated by endowing the masses with non-infinitesimal size 
and introducing a density function within each mass. This permits one 
to use Poincaré’s recurrence theorem, which states very roughly that 
provided certain conditions are fulfilled, the motion of the system will 
be periodic. It turns out, however, that even supposing the conditions 
to be fulfilled, the theorem cannot be applied to a real system of stars. 

Although Poincaré’s theorem is inapplicable, it leads to the theorems 
of E. Hopf which do apply to real stellar systems. These theorems 
state roughly that, except in very rare cases, (i) a system of particles 
must either have periodic motions, or it must disintegrate; and (ii), 
if it disintegrates it must originally have been formed out of several 
smaller systems. 

At this stage it becomes obvious to the astrophysicist that something 
has gone wrong. Star systems, such as galaxies, often show every sign 
of evolving from an initial state to a final state which is quite different, 
and without disintegrating in the process. What is the explanation? 
The answer is that it depends on what is meant by “periodic” and by 
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“‘disintegration.”’ In the first place, the theory gives no real indication 
of the length of the period of the motions, so that this period may be 
vastly longer than any time which an astrophysicist contemplates when 
he speaks of evolution. Secondly, disintegration in Hopf’s theorems 
may simply mean that the system loses two or three stars; in which 
case the theorems say nothing about the million or so stars which are 
left behind. 

For practical purposes, therefore, the author has to fall back on 
well-tried, and comparatively simple, devices well known in astro- 
physics—such as Jacobi’s criterion of stability, and the virial theorem. 
This enables him to deal with problems such as the mass of the Galaxy, 
and the origin of the globular clusters. 

A rather similar pattern follows in the second, hydrodynamic 
approach. In the six-dimensional space represented by the space- 
coordinates and velocity components a distribution function is defined. 
Then, using Liouville’s theorem, the equation of continuity and another 
set of equations, generalizing Euler’s hydrodynamical equations, 
are derived. This set is, however, unsuitable for practical use, and 
various drastic simplifications are needed in subsequent applications, 
which include the kinematics of the Galaxy, and models such as poly- 
tropic gas spheres. 

This disparity between the rigorous mathematical theorems and the 
methods of solving problems is, of course, due to the nature of the 
subject and to no fault of the author. The effect of his treatment is, 
however, to make the book mathematically rather top-heavy for an 
introductory work on this subject. The proofs of the main theorems— 
which are usually given in outline only—are not everywhere easy to 
follow, and the use of the language of the theory of sets with very little 
explanation may prove an obstacle to some readers. 

The detailed presentation is not always as clear as it might be. 
For example, no definition is given of the symbol re introduced on page 
67; on page 11 two complicated diagrams are given without explanation, 
or even definition of the symbols involved; and some of the notes on 
pages 162 and 163 do not seem to refer to sections of the text which 
are cited. 

One more important comment concerns the statement, made several 
times without proof, that the second, hydrodynamical method will 
describe a stellar system for only a limited period. This statement, if 
true, would invalidate the whole of cosmology, in which a hydrodynamic 
model is always used. There is, of course, no doubt that such a model 
ignores local regroupings of stars and clouds which take place in the 
course of time: but it is always assumed that the model gives a valid 
overall picture of the universe for very long, and even infinite periods. 
It would be interesting to know whether the author considers this 
procedure to be mistaken. 

Although I would not recommend this book for beginners, I think 
that its account of the more general mathematical theorems underlying 
stellar mechanics will be found valuable and interesting by those already 
acquainted with the elements of the subject. 


W. B. Bonnor 
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4 
Theorie Elementaire des Geometries Non Euclidiennes. By A. Tresse. 
Pp. 150. 2500 fr. 1957. (Gautier-Villars) 


The two types of non-euclidean geometry are set up by defining lines 
to be certain circles C (or arcs of circles) of the euclidean plane. In 
type I (usually called hyperbolic) the circles C are those for which a fixed 
point O has fixed positive power r?, so that they cut orthogonally the 
circle Cg with centre O and radius r: the lines of hyperbolic geometry 
are those ares of the circles C which lie inside C5. (This is based on the 
work of Klein and Poincaré.) In type II (usually called spherical) 
the circles C are those for which a fixed point O has fixed negative 
power —r?, so that they cut the circle Cy at opposite ends of a diameter: 
the lines of spherical geometry are the circles C. This approach enables 
the two geometries to be developed together. 

The treatment is mostly geometrical, though algebra is used in the 
metrical work. The author assumes that the reader has a good know- 
ledge of geometry, particularly the theory of inversion, but very little 


knowledge of algebra. 
E. J. F. Primrose 


Non-Euclidean Geometry. By H. S. M. Coxeter. (Third edition). 
Pp. xv, 309. 45s. 1957. (Toronto University Press. London: Oxford 
University Press) 

The first edition of this book was reviewed by D. Pedoe in the 
Gazette (XXVII, 35), and I share his enthusiasm for it. This new 
edition is essentially a reprint of the first, with minor improvements and 


25 pages of additional material. 
E. J. F. Prrrose 


Cours de Geometrie Differentielle Locale. By J. Favarp. Pp. x, 
553. 6000 fr. 1957. (Gauthier Villars, Paris) 

This book can be read with profit both by the beginner and the 
expert. It is intended to form a transition from the classical treatment 
of differential geometry to the more modern abstract methods. Anti- 
cipating criticism that by writing a modern book on the theory of 
contact, envelopes, contact transformations etc., he is flogging a dead 
horse, the author challenges this attitude in his preface. In fact, he 
says that he will change his viewpoint when he has been shown how to 
teach analysis without supposing known the “old fashioned” theory 
of real numbers. 

An introduction extending to 124 pages contains three chapters 
essentially on topology, tensor algebra, and tensor calculus (including 
Cartan’s calculus of exterior forms). This is followed by the First Part, 
‘‘Direct Infinitesimal Geometry,” containing three chapters on immersed 
manifolds, the theory of contact, envelopes and contact transformations. 
The Second Part, “Classical Geometries,” extending to 244 pages, 
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consists of three sections—the first dealing with classical differential 
geometry of curves and surfaces, the second with unimodular affine 
differential geometry and the third with projective differential geometry. 
The Third Part, “Transport Theory,” deals with parallel transport in 
Riemannian and affine spaces. 

The general format of the book is most pleasing. Although the 
reviewer is enthusiastic about the contents he finds the catalogue price 
of £6 7s. 6d. for this paper backed volume disturbing. 


T. J. 


The Theory of Lie Derivatives and its Applications. By K. Yano. 
Pp. x, 299. 61s. 1957. (Noordhoff, Gréningen) 

This book gives an exhaustive account of the réle which has been 
played in Differential Geometry by the operator known as Lie deri- 
vation, which is an extension to tensors of the symbol of infinitesimal 
transformation used by Lie for functions. Like the better known 
covariant derivation of the tensor calculus, Lie derivation was introduced 
in order to facilitate the writing down of integrability conditions for 
partial differential equations. The problem which led to covariant 
derivation was that of the equivalence of two quadratic differential 
forms or of two Riemannian spaces. The corresponding problem giving 
rise to Lie derivation was that of finding conditions for the self- 
equivalence or the automorphism of a space. Whereas many problems 
in Riemannian geometry were manageable during the last two decades 
of the last century with the discovery of covariant derivation about 
1870, corresponding studies dealing with motions in a metric space 
were hampered for lack of a suitable operator. 

It was in the early 1930's that papers started appearing exploiting 
what was later called Lie derivation, and this book is an account of the 
progress which has been made in the study of the groups of automor- 
phisms of various spaces using Lie derivation. The main result known 
before 1947 was to the effect that if a Riemannian space admits a group 
of automorphism (motions) of the maximum order N = n(n + 1)/2, 
the space is of constant curvature. There were corresponding results 
for spaces with different kinds of connection defined in them. 

In 1947 Egorov began the systematic study of the order (less than \) 
of the groups of motions which would be admitted by Riemannian 
spaces of non-constant curvature. Several authors followed with 
similar investigations both for Riemannian spaces and for various 
generalizations of it. The first part of the book gives a treatment of the 
work which has been done in this field during the last ten years. The 
later chapters contain an account of some global properties of groups 
of motions in a compact orientable Riemannian space, together with 
some applications of Lie derivation to almost complex spaces. 

The book is very closely tied in notation and terminology to Schouten’s 
Ricci Calculus so that the reader is assumed to have a facility in the 
absolute Calculus. With this equipment the reader would find the book 
self-contained and very readable. 


| 


REVIEWS 59 


Professor Yano has rendered a great service to anyone desirous of 
acquainting himself with the present state of knowledge in this field. 
The long list of papers at the end would help the would-be researcher 
to decide himself on the most profitable line of development at the 


moment. E. G. Davies 


Digital Computer Programming. By D. D. McCracken. Pp. 253. 
62s. 1957. (Chapman and Hall) 


It is eight years since the first electronic computers were available 
in this country and the U.S.A., so that it is rather surprising to review 
a book which claims to be the “first general introduction” to program- 
ming for digital computers. Yet surprisingly enough this claim is quite 
justified: hitherto most programmers have picked up their knowledge 
from instruction manuals written for specific computers and from 
personal contact with other users. Programming is the translation into 
machine terms of the arithmetical operations involved in a calculation. 
The list of basic operations which a machine can perform is known as 
the instruction code, and this varies so much from one machine to 
another that it is difficult to write any kind of book on the subject 
without reference to a particular machine; usually the machine with 
which the respective author is most acquainted. Provided however that 
the machine in question does not possess too many peculiar features 
there is no great objection to this course—unfortunately many of them 
do. The author has overcome this difficulty by treating a hypothetical 
machine TY DAC (Typical Digital Automatic Computer), which may be 
described as a one-address code decimal machine, possessing a 200 
word fast memory for both numbers and instructions, and supple- 
mented by four magnetic tape units. It also includes two B-lines 
and provision for floating-point arithmetical operations, features which 
are now becoming standard on the more expensive machines. There is 
little mention of multiple-address code machines although the author 
includes an appendix on optimum programming for delay-line type 
machines. : 

The first few chapters deal with computing fundamentals, the binary 
number system, scaling problems, and the fundamentals of coding such 
as the concept of “‘loops’’ of instructions for repetitive calculations. 
Advanced topics include the use of the auxiliary magnetic tape store 
(when the amount of data involved exceeds the capacity of the fast 
store), interpretive methods, symbolic address programming, double 
precision arithmetic, and translation techniques. This last item does not 
refer to the translation of languages (which is one of the more ambitious 
uses of machines) but to the translation of expressions written in a more 
or less conventional mathematical form, e.g. algebraic formulas. 

The book certainly justifies the claim of comprehensive coverage 
(at least as far as single address machines are concerned—and most 
machines are now of this type) and the novice who is prepared to 
read the book thoroughly will get a pretty good grasp of the art of 


programming. R. A. Brooker 
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Five Mathematics Structural Models in Natural Philosophy with 
Technical Physical Quaternions. By Orro F. Fiscuer. Pp. vi, 412. 
$10. 1957. (The Axion Institute, Stockholm) 


In 1951 The Axion Institute published a book by Mr. Fischer entitled 
Universal Mechanics and Hamilton’s Quaternions in which ‘universal 
mechanics’ meant the “mathematics of ordinary physics of motions, 
elasticity, hydrodynamics, aerodynamics, electromagnetism, together 
with relativistic and cosmic physics as well as quantum mechanics’, 
In the book the author built up an immensely valuable thesis showing 
how the principles of the quaternion calculus can be applied to bring 
about a systematic unification of what is defined above as universal 
mechanics, and a broader appreciation of the interplay of ideas 
associated with molar, atomic, and cosmic physics. 

In the present book Mr. Fischer has taken five of the numerous 
examples cited more briefly in the earlier work, for detailed analysis 
as ‘mathematical structural models’, which latter may be defined as the 
mathematical equations of those structural features in nature capable 
of being so expressed. A technical physical quaternion is defined as a 
hypercomplex number Q = Q + ig in which Q is a non-commuting 
three-vector and iq is a commuting invariant ‘scalar’ representing the 
imaginary time-fashioned coordinate. 

The book proper opens with a chapter on quaternions, giving in 
outline the definitions of Hamilton’s and technical physical quaternions, 
the hexavector, the octavector, the Nabla and Laplace operators, 
affinors, and the axiator; these are the main special tools for the study. 

The first model to be constructed is that of the electromagnetic 
quaternionian potential pyramid, so named because of the pyramid-face 
array in which the final defining equations of electrodynamics are 
written. These consist of the basic electromagnetic potential ®, the 
Hertzian radiation hexavector Z*, the electromagnetic potential 
quaternion ¥, the electromagnetic hexavector Cc, the synthetic 
quaternionian Maxwell equation denoted by Y, and the prototype of 
the Dirac linear wave equation denoted by X. 

The second model is given the name of the deformation affinor of 
four-space and it represents an extension of Hooke’s law connecting 
strains and stresses in three-space. By means of universal comparison 
coefficients « it becomes possible to calculate, from a given universal 
stress affinor, the underlying deformation affinor 4“ and the deeper- 
lying elastic displacement quaternion yz as potential. This is illustrated 
by a numerical example indicating how mechanical and electromagnetic 
energy-momentum tensors, dynamical rotations, Lorentz and Cayley 
transformations, and the Maxwell potentials may be connected with 
this model by means of the comparison coefficients which characterize 
it as a typical analogy model. Its climax is an entirely new connexion 
between Lu and the electromagnetic potential quaternion #. 

The third model is the technical model of hexavector motors, a 
mechanical horizontal model attached to the equation for C in the 
pyramid referred to in the first model. It develops the typical hexavector 
conception into an entirely new substitution for v. Mises’ ingenious 
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idea of ‘‘motors’’ extended by a new selection convention in hexavector 
multiplication to imply even electromagnetism. By this new concept 
the model permits v. Mises’ motor calculus of technical mechanics to 
be absorbed by the structural edifice of the present study together with 
all its applications to transformations in six-space, equations of 
motion, Hooke’s theory of elasticity, pressure of fluid currents, and 
aeroplane equations of motion. 

The fourth model, the quantum mechanical model of Dirac octa- 
vectors, is the horizontal model already mentioned which describes some 
of the details of the basis of the pyramid, the most differentiated of all, 
its “terraces’’ of equations. With octavectors as the tool, it offers many 
opportunities for penetration into quantum mechanics and the atomic 
world. 

The fifth model of quaternionian de Broglie waves and the completed 
pyramid has a double character. This vertical model deals with 
quantization, and with rays and waves from Hamilton’s geometric 
point of view in Synge’s interpretation. It deals also with an algebraic 
point of view exhibited by Hund, the special case of de Broglie waves, 
and ends with a mechanical quaternionian potential pyramid in two 
stages as counterpart to the electromagnetic pyramid. It makes use 
of the “‘static’’ connexion in the second model between y and the 
electromagnetic potential quaternion #, extending the former to a 
“dynamic”? quaternion by an analogy with modern rheology which 
places it on a level with a wellknown Dirac analogy. Synge’s inter- 
pretation of Hamilton’s geometry is illustrated by a new analogy model 
taken from a three-space picture of the mesh structure of a curvilinear 
coordinate system with wave fronts for net surfaces and rays for 
coordinate lines. It is extended to four-space and illustrates most of 
Hamilton-Synge’s conceptions as well as stage one of the mechanical 
pyramid. 

There is an Appendix on Gibbs vectors and affinors in three-space, 
@ list of references, and the customary index. 

8. AUSTEN STIGANT 


Mathematical Theory of Elasticity. By I. S. Soxotnrkorr. Second 
edition. Pp. xi, 476, $9.50. 1956. (McGraw-Hill) 

After the derivation of the equations of the theory of small strain and 
a treatment of the problem of torsion and flexure, there are in the last 
three chapters accounts of two-dimensional problems, of three-dimen- 
sional problems and of variational methods. The main differences 
from the first edition are to be found in these chapters. 

As was to be expected from one who generously acknowledges his 
debt to N. I. Muskhelishvili, the comprehensive treatment of two- 
dimensional problems by complex variable methods is excellent. 
There is a sharp and interesting contrast between this work and that 
of the next chapter on the corresponding three-dimensional problems; 
it is stated that ‘‘effective general techniques for the analytic solution 
of such problems still remain to be developed”, and that ‘‘the most 
promising approach in this connection appears to be via the use of 
general solutions of Navier’s equations in terms of harmonic functions.” 


| 
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The same could possibly have been said of two-dimensional problems 
before Muskhelishvili’s successful attack upon them. 

The chapter on variational methods begins with analytical methods 
such as that of Ritz, and goes on to the direct arithmetical solution of 
the difference equations used in place of the differential equations. 
The increasing complexity of the problems now calling for solution 
makes this section of particular importance, and it is most useful that 
besides describing such methods as relaxation (and the valuable 
device of ‘‘over-relaxation’’) some account is given of the way in which 
the new electronic calculating machines are now being used, even 
including in some cases estimates of the time required for the syste- 
matic reduction of errors. There are ample references to recent work in 
this chapter, as there are in the previous two; those to new Russian 
books and papers will be of special value to both theoretical and practical 
workers in this field. W. R. Dean 


Unitare Darstellungen der klassischen Gruppen. [By I. M. Ge-ranp 
and M. A. Neumark. Pp. XL, 333. 1957. (Akademie-Verlag, Berlin) 


The basic problem posed and solved by the representation theory of 
finite groups over the complex field is to obtain a complete system of 
irreducible representations and to show how an arbitrary representation 
can be built up from these. The attempt to generalize this set-up 
leads one to consider locally compact groups, which provide a right- 
invariant measure (the Haar measure) and one will at first ask for 
representations by unitary transformations in Hilbert space. The 
problem thus stated presents many difficulties and the only cases in 
which it has been solved so far are (i) when the group is compact 
(Peter and Weyl) and (ii) when the group is locally compact and 
abelian (Pontrjagin and v. Kampen). In both these cases it turns out 
that all the irreducible unitary representations are finite dimensional 
and are contained in the regular representation. The authors of this 
book attack the further case, that of the main series of complex simple 
Lie groups, which have been called the ‘classical groups’ by H. Weyl. 
Their object is to give a description of all the irreducible unitary 
representations of the classical groups. 

The finite dimensional representations of the complex simple Lie 
groups have long been known through the work of E. Cartan, but of 
these only the identity representation is unitary. One will therefore 
have to produce infinite dimensional representations, and the recipe 
used is as follows. If G is the given group, a manifold M is chosen on 
which G acts. This manifold is in each case a coset space by a subgroup 
K of G. By means of a decomposition g = kz, valid for ‘almost all’ 
elements of G, the manifold M can be identified with a subgroup Z 
of G, except for a set of measure zero; the Haar measure on Z therefore 
provides a measure on M. Next a space H of functions on M is chosen 
and the measure of M is used to define a scalar product on H, which 
turns it into a Hilbert space. Now for a suitable function «(p, g) where 
€G, the equation 


T, -f(p) = «(p, 9) fipg) (f € H) 
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defines a unitary representation g— T,. When @ is the complex 
unimodular group, K may be taken to be the subgroup of all matrices 
in G whose elements below the main diagonal are zero. The possible 
choices of «(p, g) are determined in terms of the characters of the group 
of diagonal matrices in G, the different cheracters giving rise to the 
‘principal series’ of irreducible unitary representations of G. A further 
class of representations is obtained by partitioning the matrices of G, 
corresponding to a partition n = n, + ... + n, of the degree n of G, 
and taking K = K(n,,...,,) to be the subgroup of matrices in @ 
in which all blocks below the main diagonal are zero. This results in 
the ‘degenerate principal series’ of representations, except for the 
nondegenerate case K = K(1, 1, ..., 1) considered before. In a similar 
way a ‘supplementary series’ of irreducible unitary representations is 
obtained by taking M not to be the space G/K of cosets, but the space 
of pairs of cosets; more precisely, certain transitivity domains in this 
space of pairs give rise to (degenerate as well as nondegenerate) supple- 
mentary series of representations. 

In the theory of finite dimensional representations the notion of the 
trace plays an important role, and in analogy with this case the authors 
define for each representation a trace operator, which is shown to 
characterize the representation to within unitary equivalence, as in 
the finite case. It also enables them to derive an analogue to the 
Plancherel formula, with the somewhat surprising fact that this involves 
not all the irreducible representations, but only the nondegenerate 
principal series. 

When the orthogonal and symplectic groups are considered, it turns 
out that most of the arguments can be taken over with very little 
change. Once the machinery has been built up, describing the various 
decompositions of the groups and their Haar measures, the nonde- 
generate and degenerate principal series and the corresponding supple- 
mentary series can be derived in much the same way as before. 

The fact that the representations given exhaust the irreducible 
unitary representations is only established in some special cases, 
with references to complete proofs by Neumark and by Beresin in 
subsequent papers. This point, as well as some related matters, is 
taken up in three appendices on (i) unitary representations of the 
unimodular group which contain the identity representation of the 
unitary subgroup, (ii) a general method for the decomposition of the 
regular representation of a Lie group into irreducible representations, 
and (iii) an analogue of the Plancherel formula for the classical groups. 

From what has been said it is clear that the book is a research paper 
rather than a treatise; in fact the appendices are papers written by the 
authors (and M. I. Graev) since the first publication (1950) of the main 
part. A reviewer must therefore conceal his disappointment at not 
finding a treatise, and appraise it as a paper. As such it is beyond 
criticism, and indeed one should be grateful to the Akademie-Verlag 
for making this important work available in a more westerly tongue. 
Having said this one must add that the presentation is somewhat arid. 
The approach is essentially computational: one admires the authors’ 
dexterity in steering past the shoals of formulae, but one hopes that, 
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shorter and more interesting routes will eventually be found. The 
whole work has something provisional, a feeling which is heightened by 
the presence of several uncoordinated though overlapping introductions 
at various levels. The authors’ summaries at the beginning of each 
chapter form a brilliant survey of the whole and contain many profound 
remarks which most tantalizingly are often not followed up in the text. 
They lead one to hope that the authors will one day rewrite this book, 
as a book. One also hopes that they will then rewrite the section on the 
trace in the language of distributions. In the present version they use 
a somewhat artificial circumlocution, because they felt —and rightly 
so—that at the time of writing (1950) the theory of distributions was not 
sufficiently well known to the general mathematical public. 

Inevitably, there are a number of minor errors, mostly quite trivial, 
but the reader may like to note the following: p. 23 (5.34): add 
‘p #q. p. 42 line 2: read uy for the first u. p. 79 line 8: read Z for Z,. 
On p. 83 the ‘pictorial’ definition of k and k, is obscure, but this is 
cleared up later, 7 lines from the bottom. 

P. M. Coun 


Raum und Zahl. By K. Rememerster. Pp. 151. 1957. (Springer, 
Berlin) 

These thoughts about mathematical thinking are concerned, not with 
the psychology of invention but with the concepts of mathematics and 
what we can learn about these concepts by studying mathematical 
structures. Various ways in which a geometry can be set up are outlined; 
for instance the construction of Euclidean plane geometry on the axioms 
of incidence, the parallel axiom and the Pappus axiom; the characteri- 
sation of a geometry by its transformation group; Euclidean geometry 
built on the single concept of the distance between two points. Amongst 
other topics considered are transfinite ordinals and combinatorial 
topology (with a proof of the Jordan curve-theorem for polygons). 
A chapter on the foundations of the calculus develops what Menger calls 
the algebra of analysis, an axiomatic development which seeks to spare 
the beginner any necessity to study the theory of limits; as in the 
reviewer’s book on the Calculus attention is concentrated upon uniform 
differentiability to ensure that integration and differentiation are fully 
inverse operations. The book concludes with chapters on algebraic 
numbers and some philosophical observations on the relation of 
mathematics to language. 

R. L. GoopstErn 


Probability and Scientific Inference. By G. Srencer Brown. 
Pp. 154. 15s. 1957. (Longmans, Green and Co.) 


This is a delightfully lucid criticism of current notions on the theory 
of probability. The fundamental concept of randomness is subjected 
to sustained analysis; amongst some of the conclusions reached we 
find (p. 56) “‘the concept of randomness, instead of growing more satis- 
factory in the consideration of longer series, tends instead to grow less 
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so; and that in a series of infinite length it becomes absolutely con- 
tradictory:’’ and (on p. 104) “‘but we must not be lulled into supposing 
that a series produced with the (randomizing) machine will necessarily 
be any better than a series produced without it.... The Babington 
Smith randomizer was used almost entirely by Mr Babington Smith 
himself and one assistant... who did not know what tests were 
proposed.... He (the assistant) produced 10,000 digits which were 
originally intended for publication with the rest. But upon examination 
they failed by a very big margin to pass even a simple frequency test 
and had to be rejected.”” The strikingly original outlook of the book is 
well summed up in the sentences (p. 108)’’ Scientific knowledge, like 
negative entropy, tends constantly to diminish. It is prevented from 
dwindling completely into anecdote only by the attitude which seeks to 
repeat experiments and conform results without end. 

R. L. GoopsTEIN 


La Logique Moderne. By Jean Cuavuvineav. Pp. 128, (Presse 
Universitaires de France, Paris) 

This is a very readable introduction to mathematical logic. Two- 
valued propositional and predicate logic are studied both from the 
standpoint of valuation theory and as axiomatic systems. An axiom 
system for propositional logic is proved complete with respect to the 
truth table valuation, and free from contradiction; the system is said 
to be decidable because the continued deduction of new theorems will 
eventually reach any proposition which is provable. It would be more 
to the point to stress decision procedures, like the truth tables which 
provide a decision procedure for validity and the normal forms which 
provide a decision procedure for derivability. The axiomatic treatment 
of predicate logic is sound and clear, with a good account of substitution 
for predicate variables; the axiom system is proved consistent but 
the problems of completeness and decidability are not considered. 

R. L. G. 


Grundlagen der Allgemeinen Theorie der Analytischen Funktionen 
By K. Knopp. 9th Ed. Pp. 144. DM. 2. 40. 1957. (Sammlung Géschen, 
668. De Gruyter. Berlin) 


This remarkable little book needs no recommondation. <A perfect 
introductory course in complex function theory; what is proved is 
proved clearly and thoroughly and apart from some topological results 
what is assumed is made no less apparent. 

R. L. G. 


Bibliography of Russian Mathematics Books. By G. E. Forsyrue. 
Pp. 106, $3.95, 1956. (Chelsea Publishing Co. New York) 


This Bibliography lists, by author and by subject all the Russian 
mathematical books published since 1930 which were considered of value 
to a practicing mathematician. The list includes a few outstanding 
articles like P. 8S. Novikov’s “On the algorithmic unsolvability of the 
problem of the identity of words in the theory of groups”’. R. L. G. 
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Handbuch der Laplace-Transformation. Band III. Anwendungen 
der Laplace-Transformation. 2 Abt. By G. Dorrscu. 40 Sw. Frs. 
Pp. 300. 1956. (Birkhaiiser, Basel und Stuttgart) 


This volume completes Professor Doetsch’ monumental treatise on 
the Laplace Transformation; it is the second of the two volumes dealing 
with applications, and is consecutive in subject matter and chapter 
numbering with Bd II, which dealt with applications to asymptotic 
expansions, etc, and to ordinary differential equations. 

The first five chapters of this volume deal with partial differential 
equations, mainly with initial or boundary value problems over 
rectangular domains for equations with constant coefficients, but also 
with some cases of nonconstant coefficients. The next three chapters 
deal with difference equations. The first two deal with those in a single 
variable: using in appropriate cases the direct or inverse Laplace 
transformation; the third deals with partial difference equations. 
In all these chapters considerable concern with applications, particularly 
to problems of electrical engineering, is shown. 

The next part consists of five chapters on integral equations. These 
are mainly equations of convolution type, of a variety of forms including 
those of Abel and Wiener and Hopf; but the last of these chapters 
discusses other integral equations which can be simplified by application 
of the Laplace Transform. Attention is paid to the study of convolution 
equations in the complex plane and the resulting functional relations 
and to the theory of derivatives of fractional order. 

The last two chapters of the book deal with the finite Laplace trans- 
forms considered as integral functions of a complex variable. 

The three volumes cover the ground of the author’s ‘Theorie und 
Anwendungen der Laplace-Transformation” considerably expanded 
and with regard to recent additions to the subject. Like the earlier 
work it will be for a long time the standard work on its subject, in- 
despensible both as textbook and work of reference. The treatment is 
classical, but makes reference to modern approaches such as the theory 
of distributions. Apart from this very recent work, and apart from the 
problems associated with the Laplace-Stieltjes Transform and the 
moment problem, the three volumes constitute a practically exhaustive 
account of their subject. 

The present volume includes an index for itself, and a list of references 
for it and for Bd IT. There is also a list of corrections to Bd II, whose 
shortness confirms the impression of great carefulness given by the work. 
The style is clear throughout, and the production of the volume is 
excellent. 

J. L. B. Cooper 


La Symétrie. By Jacques Nicotte. Pp. 116. 1957. (Presses 
Universitaires de France) 


The first section deals in outline with the principles of symmetry and 
this is followed in the second section by a discussion of the applications 
thereof. The chapter on crystals is mainly concerned with an account of 
Pasteur’s work on the tartaric acids and the following chapters give a 
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brief outline of the aspects of symmetry which impinge on biology, 
chemistry, physical phenomena and the arts. The treatment of each 
part is brief but the author attempts to awaken interest in the important 
role played by the presence or absence of symmetry in natural pheno- 
mena. With a bibliography of texts (mainly in French and German), 
the intelligent layman may pursue the subject in the various fields 


touched on by the author. 
F. R. 


Nonparametric Methods in Statistics. By D. A. S. Fraser. Pp. 
X, 299, 68s. 1957. (John Wiley, New York) 

It is usual for the statistician, in analysing a set of observations, to 
assume that they have come from a population, which may be described 
by a probability distribution having a specific functional form. The 
problem of interpreting the observations may then be reduced to one 
of estimating and drawing inferences about one or more of the para- 
meters, on which the chosen distribution depends. To choose one 
particular distribution for any given problem is often an arbitrary pro- 
cess, and it is common for the normal distribution to be selected quite 
uncritically for the analysis of data. The convenience of the normal 
distribution, due to its mathematical tractability, is partly the ex- 
planation for this, although Lippman’s famous remark that ‘‘everybody 
believes in the law of errors, the experimenters because they think it 
is a mathematical theorem, and the mathematicians because they think 
it is an experimental fact”’ still retains an element of truth. 

To overcome the need for an arbitrary choice of this kind mathe- 
maticians have in the past two decades been examining the consequences 
of more general distributional assumptions and devising methods for 
the analysis of data based on them. As a simple example, the question 
might be posed as to whether a set of observations is or is not a random 
sample from some absolutely continuous distribution. The theory of 
such nonparametric or distribution-free methods has previously been 
scattered through statistical and mathematical journals and this book 
is an attempt to present it in a unified form. Since it is also intended 
as an advanced text-book—Professor Fraser describes it as a second 
course in Mathematical Statistics—nearly one half of the book is a 
summary of the mathematical basis of probability and statistical 
estimation and inference, which is applicable to a wider field than that 
implied by the title. This summary begins with a chapter on the 
Measure Theory approach to probability, since no knowledge of this 
theory has been assumed. In spite of this a reader unversed in the 
notation of Measure Theory and Lebesgue integration would probably 
find this difficult reading, though the exercises at the end of the chapter 
provide an opportunity for him to familiarise himself with it. Then 
follows a long chapter on the approach to statistical estimation, in- 
ference and decision problems that is associated with the names of 
Neyman, Pearson and Wald. It is interesting to note that nowhere 
is it mentioned that these ideas, although subscribed to at least to 
some extent by a majority of statisticians, are not universally accepted. 
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For the reviewer, at least, the style of this part tended to obscure the 
basis on which this particular structure of statistical inference is built. 
In fact, in one example used by Professor Fraser to illustrate the meaning 
of a confidence region, the argument used appeared to be nearer to that 
of Fisher’s fiducial probability than that of the Neyman-Pearson 
theory. Fortunately in the particular example chosen (as in most 
simple cases) both points of view lead to the same result. 

The general theory of Chapters 1 and 2 is followed by a short chapter 
in which common statistical problems are restated in distribution-free 
terms. These problems are considered in Chapters 4 and 5 from the 
point of view of the estimation of parameters (such as population 
percentiles) and the testing of hypotheses, respectively. The last two 
chapters are concerned with the asymptotic properties (for large 
samples) of these estimators and tests. This latter material is again not 
solely concerned with nonparametric situations; for example, the list 
of various types of Central-Limit theorems is of more general use for 
reference purposes. 

Generally speaking the approach of this book to the subject is that of 
the Pure rather than the Applied Mathematician. It is therefore a 
book for mathematical research workers rather than for most practising 
statisticians, and as such is a useful addition to the Wiley Publications 
in Mathematical Statistics. It is a pity, however, that so little re- 
cognition has been given in the references to workers in this country 
and on the Continent who have contributed to this branch of statistical 
theory. 

F. Downton 


Mathematics and Wave Mechanics. By Arxry. Pp. 348. 30s. 1957. 


(Heinemann) 


This inexpensive book sets out to give a concise introduction to wave 
mechanics for honours students and post-graduate students of physics 
and physical chemistry. The author has taken great care in providing 
first of all the methods needed for wave mechanics, and two-thirds 
of the book is devoted to the following subjects: analysis (Chapters 
1 and 2), vectors, determinants and matrices (Chapter 3), integrals and 
differential equations (Chapters 4 and 5), classical mechanics (Chapter 
6), vector field theory (Chapter 7) and wave motion and electromagnetic 
theory (Chapter 8). The last seven chapters deal with: quantum mecha- 
nies (Chapter 9), the wave equation (Chapter 10), perturbation theory 
(Chapter 11), electron spin (Chapter 12), quantum chemistry (Chapter 
13), the new statistics (Chapter 14) and quantised fields (Chapter 15). 
The mathematical introduction is very thorough, and the author must 
be congratulated upon the choice of his material. That part of the book 
would serve as an admirable introduction to mathematics for a physicist 
who did not have the necessary background, but this reviewer feels 
that the last Honours year, or even later, would be too late for this 
introduction, and that this material should have been presented to the 
students in their first or second undergraduate years. The last one-third 
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of the book, devoted to quantum mechanics, contains so much material 
that, of necessity, the author has had to compress his treatment. 
As a result, the treatment is often formal rather than physical and 
although, in this reviewer’s opinion, the book could probably be used 
as a guide to teach from, it is insufficient by itself to give students who 
do not know any quantum mechanics a sufficient idea of the physics 
of this important branch of natural philosophy. 

A small point of criticism is that the author has not always taken 
great care in the final polishing of his book. For instance, in the numer- 
ous exercises provided the spelling ‘shew’ alternates with ‘show’ 
the first occurring in Mathematical Tripos questions, the other in 
London University questions. Also Figure 2.7a on page 36 is too 
obviously a sketch rather than an exact curve. In addition, the index 
is incomplete in that some names of authors are included and others 
not, while, moreover, the references given for further reading are 
completely inadequate. 

D. TER Haar 


The Logical Problem of Induction. By G. H. von Wricur. pp. ii, 249, 
25s. 1957. (Blackwell, Oxford) 


This is a revised and enlarged edition of the author’s 1941 Doctoral 
Dissertation; in the main it is a discussion of the traditional problem 
of justifying Induction, and considers the attempted solutions of the 
problem from Bacon to Mill and up to present time. The thesis of the 
book is that all these attempts make important contributions to our 
understanding of induction but that in certain respects they fail to 
achieve what they generally consider to be their objective. 

In the early part of the book the problem of justifying induction is 
examined as a problem of language. If you seek to know what induction 
means see how induction is used. Since nothing in reason and logic can 
foretell the future then the establishment of an inductive law establishes 
a convention of language by which we decide how certain expressions 
shall be used. If from a series of observations on instances of A’s 
and B’s we formulate the law that all A’s are B’s, then this law has 
a priori validity, not in virtue of some principle of induction but because 
we make it analytic—for instance by declaring that any apparent 
instance of an A which is not B is in some sense illusory. In effect the 
inductive law is used to formulate a (new) defining characteristic of 
A’s, that they are B’s. 

The author reminds us that Hume was the first to see that general 
synthetic propositions cannot be proved true a priori, and (with 
remarkable insight) that this impossibility of foretelling the future 
cannot be weakened in any respect by references to probability. Most 
writers on probability and statistics are still seemingly unaware of the 
significance of this conclusion. 

This is a book of great force and understanding; von Wright is 
never satisfied just to score a victory in debate but seeks to strengthen 
not just his own position but that of the concepts which he analyses. 


R. L. GoopsTerms 
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Cours de Mathématiques. By J. Bass. Pp. xi, 916. 8,500 fr. (7,800 fr. 
in paper cover). 1956. (Masson, Paris) 

This course is designed for physicists and engineers, and in fact is 
written for the most part in so rigorous a fashion that students 
specialising in mathematics will find, on a great many topics, a treatment 
which is suited to their needs. There is no lack of the elegance we 
normally associate with a French Cours D’ Analyse and no glossing over 
of difficulties; in addition there are large collections of examples, a 
good index and bibliography which is a welcome break with tradition. 

The work is in five parts. Opening with a brief account of rings, 
fields and groups there follows a few pages on the general notion of a 
vector space. Then matrices, tensor algebra and some applications of 
tensors. The second part deals with the theory of functions of a real 
variable and concludes with some account of the transformation of 
elliptic integrals. The examples on this part sketch proofs of Hélder 
and Minkowski’s inequalities and introduce the notion of a convex 
function. The integral used is the Riemann integral and there is a 
brief reference to the Lebesgue integral in connection with the inte- 
gration of the limit of a sequence of functions. 

The third part deals with Fourier Series and Integrals, including 
the transform theory of the integral, and the fourth with curvilinear 
integrals and mechanical methods of integration. The following part 
treats multiple integrals, Jacobians and various special topics like 
beta and gamma functions and Laplace transforms. The sixth part is 
given entirely to the theory of functions of a complex variable up to 
the theory of residues, and the seventh and eighth to ordinary and 
partial differential equations. The book concludes with appendices 
on the calculus of variations and on the theory of nomograms. 

R. L. GoopstErn 


Précis de Mathématiques Spéciales. By R. Govyon. Pp. ix, 647. 
1956. (Vuibert, Paris) 

This is a very clear and carefully written survey of many branches of 
elementary mathematics, ranging over linear algebra, theory of 
equations, differential geometry in two and three dimensions, theory 
of functions of a real variable, the geometry of curves and surfaces, 
surface and volume integrals, theory of convergence, differential 
equations and particle and rigid dynamics. Vectors are used freely 
throughout the book, without concealing underlying concepts; even 
the theory of matrices rests on the notion of the fundamental base of a 
vector field. 

Instances of the author’s care may be found, for example, in the 
observation (§ 285) that the vanishing of a partial derivative in a 
domain D, say f,(x,y) = 0, entails the independence of f from the 
variation of x only if D is simply connected; it is the failure to recognise 
this qualification which vitiates most proofs of the fundamental theorem 
on functional dependence. Another good example of careful writing 
is the statement of the conditions for substituting in a definite integral 
(§ 456). 

By comparison with an English text book there are very few examples, 
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but of these few some are pleasingly fresh and interesting; for instance, 
(p. 506) test for convergence the series 


1 


(p. 218) find the limit of {(Wa + 6)/2}", (p. 212) find the right 
hand derivative at the origin of a!/#logez, 

We are told that this revision course is intended for students reading 
for Mathématiques supérieurs (programme A,) and for those reading 
Mathématiques spéciales (programme A,). There do not appear to be 
exact equivalents of these courses in our own University system, but 
the book would be very helpful for students starting the second year 
of an Honours Course. The printing and production of the book are 
very good and a liberal use of varied types makes the page very easy 
to read, R. L. Goopstrers 


Primzahlverteilung. By K. Pracuar. Pp. x, 415. DM. 58. 1957. 
(Springer, Berlin) 

Since the publication of Landau’s classic Handbuch, we have to 
thank Titchmarsh, Vinogradoff, Estermann, Hua and Tschudakov for 
a number of first-rate books on specialised parts of the theory. But, 
apart from Ingham’s excellent but short tract, there has been no 
attempt at prime number theory as a whole, although our knowledge 
has expanded very greatly in the last few decades. Herr Prachar has 
now put all of us in his debt by writing this book. He has inevitably 
had to select a little and to present no more than a sketch of one or 
two topics. But the book provides the reader with a clear and full 
introduction to the general theory and references to more detailed 
accounts of individual topics. 

Results included which have hitherto only appeared in research 
papers are Selberg’s improvement of Brun’s sieve method, Erdos’s 
results and Hoheisel’s and Ingham’s theorems on the difference between 
consecutive primes, the theorem that ‘“‘almost all’? even numbers are 
the sums of two primes, results on primes in a “short’’ A.P., the best 
known remainder in the prime number theorem and several others. 

The book is written with an attractive clarity and precision. The 
printing and appearance alike attain the high standard to which 
Messrs. Springer have long accustomed us. E. M. Wricut 


Quantum Mechanics. By F. Manpt. Pp. X + 267. 2nd Ed. 35s. 
1957. (Butterworths Scientific Publications, London; Academic Press 
Ine., New York) 

This book gives a useful introductory account of the mathematical 
formalism of quantum mechanics. Little attention is paid to the 
applications. The Ist edition, published in 1954, was well received. 
There has been no major change of content in the 2nd edition, but the 
author has added a 10 page section on partial waves to the chapter on 
collisions and has included a new 20 page chapter on the relativistic 
theory of the electron. D. R, Bates 
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An elimination theory for differential algebra. By A. SzemmEensBERc. 
University of California publications in Mathematics. New Series, 
Vol. III No. 2, pp. 31-66. 1956. 

It is the great achievement of J. F. Ritt to have shown that many 
results of the theory of systems of algebraic equations, including the 
theory of polynomial ideals, possess analogues for systems of algebraic 
differential equations. Ritt himself expounded these results fully in the 
American Colloquium publication ‘‘Differential Algebra’. Among those 
who developed the theory further we may mention in particular H. W. 
Raudenbush, E. R. Kolchin, and the author of the paper under review, 
A. Seidenberg. 

The paper provides a constructive elimination theory for systems of 
differential polynomials, such as was given by Kronecker for systems 
of ordinary polynomials. The same problem was considered by Ritt 
but Ritt’s theory involved factorisation and as the present author 
points out correctly (cf. results by v. d. Waerden and, recently, by 
Frohlich and Shepherdson) factorisation cannot always be carried out 
constructively. The present method is fully effective for all fields of 
characteristic zero, while for prime characteristics a restriction on the 
ground field is necessary. The theory also yields a constructive proof 
of the counterpart of Hilbert’s Nullstellensatz for differential poly- 


nomials. A. Roprnson 


Un Demi-siécle (1907-1956) de Notes Communiquées aux Académies. 
I La variable complexe. By ARNAUD DEnJoy. Pp. 221. 1956. (Gauthier— 
Villars, Paris) 

This is a very stimulating book and evokes admiration for the author 
of so many fertile ideas in the theory of functions, varying over integral 
functions, quasi analytic functions, discontinuous perfect sets of 
singularities, Fuchsian groups, conformal mappings, and so on. Many 
of the ideas are merely sketched. In one note (p. 52) the author states 
that ‘in general there exists essentially only one integral function with 
&@ given maximum modulus M(r)’. This would solve a famous problem. 
But in the back there is a laconic entry: “This note has not given rise 
to any development’. 

In another case the author had stated in 1907 (p. 4) that an integral 
function of order p may have at most 2p distinct integral functions of 
order less than [2 + 1/p}~! as asymptotic approximations along straight 
lines. Unfortunately M. Denjoy had mislaid the proof, and the rest of 
the mathematical world was unable to supply it. However it appeared 
with the author’s usual elegance and simplicity in 1956 (p. 6). The 
extension to more general paths than straight lines appears very difficult 
in this case. 

This collection will be an inspiration to the young researcher in 
function theory, and ought to be required reading for him. He should, 
however, take care to scan the literature for the possibility that others 
also have worked in the same field, since the author’s references to 
work other than his own are few and far between. 

W. K. Hayman 


| 

| 
| 


REVIEWS 73 


Structure of Rings. By NarHan Jacopson. (American Mathematical 
Society Colloquium Publications, vol. 37.) Pp. 263. $7.70. 1956. 
(Americal Mathematical Society) 

Thirteen years have elapsed between the publication of Jacobson’s 
American Mathematical Society Survey Theory of Rings and that of 
his present American Mathematical Society Colloquium Publication 
Structure of Rings, and the difference between these two books is a 
measure of the success of the former. The main progress in ring theory 
that has been made, largely initiated or supported by the author’s 
earlier survey, and that is the subject of this book, is the freeing of the 
theory from finiteness assumptions. Among the signal achievements 
of the theory are results on algebras with polynomial identities and on 
algebraic algebras that go far towards a complete solution of Kurosch’s 
ring-theoretic analogue of the famous Burnside Problem in the theory 
of groups. 

The author himself is among the main coniributcrs to this develop- 
ment; he is, moreover, a skilful and expert exposivor at all levels— 
witness his Lectures on Abstract Algebra. All this contributes to make 
the present work an outstanding exposition of present-day ring theory. 

An admirable feature of the author’s mathematical style is that he 
always tells the reader what he is going to do, and why. The text 
reads smoothly, and the mathematical symbols are never allowed to 
run away with the argument. Little previous knowledge of ring and 
module theory is assumed; but it is not a beginners’ book: the subject 
matter is so far advanced that the reader has to bring some maturity 
to the study of the book. He is helped by examples appended to some 
chapters and references to further work appended to all chapters. 
There is also a useful bibliography and a full subject index. The 
printing is good, misprints are few, and the price is up-to-date. 

B. H. NEUMANN 


Introduction to Riemann Surfaces. By GrorcE Sprincer. Pp. 307.76s. 
(Addison-Wesley Publishing Co., U.S.A.) 

This book is to be welcomed as the first reasonably elementary 
account of Riemann surfaces in English. Compared with, for instance, 
Pfliiger’s and Nevanlinna’s recent books in German on this subject, 
the present volume concentrates more on the fundamental results and 
less on modern refinements. Various neighbouring techniques, such 
as Cartan’s exterior differential calculus, and the theory of divisors, 
are introduced as needed. Closed surfaces and algebraic functions are 
well handled in the last chapter. 

This book can be thoroughly recommended to anybody who is 
brave enough to wish to find out about Riemann surfaces, though the 
physicists and engineers to whom the author also wishes to appeal 
ought to be warned that Riemann surfaces are a hard subject. There 
are a number of good examples but little in the way of applications to 


other fields. 
W. K. Hayman 


| 
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Theorie der Riemannschen Flichen. By A. Pritcer. Pp. xii, 248. 
DM. 39,20. 1951. (Springer, Berlin) 


The study of Riemann surfaces is about a hundred years old. It 
started because certain functions such as log z and 4/z are not one- 
valued in the plane. Hence Riemann introduced the notion of a surface 
covering the plane repeatedly and such that the different points of the 
surface ‘lying over’ the same point in the plane correspond to different 
values of the original many-valued function which now becomes one- 
valued on the surface. 

Since then the subject has grown free of such applications, and, as so 
often happens, developed in its own right. The Riemann surface is 
introduced as a one-dimensional complex analytic manifold, an object 
in which neighbourhoods are defined that can be mapped on to circles 
in the plane. If two such neighbourhoods intersect, the corresponding 
mapping is conformal. The key problems concern the existence of 
various kinds of functions and differentials on such a surface and the 
corresponding classification of surfaces. 

The author gives a very good account of these problems, introducing 
most of the methods which are used at various times for solving them, 
and showing when each is most appropriate. Thus the Perron method 
based on the upper envelope of classes of subharmonic functions is 
introduced in the first chapter and, following Nevanlinna, is used to 
construct a function with a non-vanishing gradient throughout the 
surface. This leads very simply to Rado’s theorem that a Riemann 
surface defined as above has a countable system of neighbourhoods and 
so is triangulable. The Perron method is also used for solving the 
Dirichlet problem of finding a harmonic function with given boundary 
values, and further, for constructing a Green’s function on those surfaces 
which possess one, i.e., those with a positive boundary (Ch. 4). On the 
other hand, the method of orthogonal decomposition, and the Dirichlet 
minimum principle, is used to construct harmonic differentials with 
given periods and later with given singularities in the case of a surface 
with null boundary (Ch. 4). 

From these differentials it is not difficult to construct the basic 
mapping functions from simply connected surfaces on to a circle, open 
or closed plane, and also the mapping of a multiply connected surface 
of genus zero on to a plane domain bounded by horizontal or vertical 
slits. (Ch. 5). 

In Chapter 6 we have first the discussion of differentials on closed 
surfaces including the Riemann-Roch theorem. Then there follows the 
Behnke-Stein theorem concerning the existence of analytic functions 
on an arbitrary open surface R which approximate a function defined 
on a normal sub-domain of R. In Chapter 7 various criteria are given 
for a function to have null or positive boundary and the classification 
of surfaces according to the type of function (positive harmonic, 
bounded analytic, etc.) which they admit is discussed in detail. 

For those wishing to study Riemann surfaces as a subject in its own 
right, this is probably the best book available. All the fundamental results 
are here, and the treatment is concise, thoroughly modern, and as 
clear as the subject permits. There is a good index and bibliography. 
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In several cases, for instance, in his treatment of the Dirichlet 
principle on p. 132, the author introduces new methods which simplify 
existing proofs. The fundamental Behnke-Stein theorem is also absent 
from earlier books apart from Behnke-Sommer’s monumental work. 
In spite of its relatively modest size this is a scholarly and compre- 
hensive book, leading the student right up to the modern work in the 
field. He should be warned, however, that it is on an extremely 
abstract level. It contains no applications of any kind, even to other 
branches of function theory, and very few examples of specific surfaces. 


W. K. HayMan 


Fundamental Concepts of Algebra. By ©. Cuevatiey. Pp. 241. 
1957. (Academic Books Ltd. London) 


This book is intended by the author to be a survey of those parts of 
algebra which seem at the present time to be of greatest importance 
as far as the applications of algebra to other branches of mathematics 
are concerned. For this reason the book lays great emphasis on the 
idea of a module, generalising the notions of additive group and vector 
space. 

The book is written with the emphasis on mathematical rigour and 
austerity of style that one has come to associate with Professor Chevalley 
and is not an easy book to read. The pattern of the book is always to 
proceed from the general to the particular, and every result is proved 
under as general hypotheses as possible. The book is extremely well 
provided with exercises, these often taking the form of results important 
in themselves, but not essential to the main argument, with detailed 
hints of the proofs required. 

The nature of the book is best conveyed by considering its contents 
in more detail. The first chapter is concerned with monoids, which 
are defined as systems with a single associative operation and an identity 
element with respect to this operation. The concepts of sub-monoid, 
homomorphism, quotient monoid (with respect to a congruence relation) 
and product of monoids are introduced in this chapter, together with 
the idea of a free monoid. In the second chapter, these concepts are 
specialised for the class of monoids with inverses, that is, groups. 
These two chapters, while covering both in the text and the exercises 
a remarkable amount of ground, are really only preliminary chapters 
to the third and most important chapter which deals with rings and 
modules. Rings, per se, are disposed of in six pages, this including a 
proof of the existence and essential uniqueness of the field of fractions 
of an integral domain. The remaining ninety pages of the chapter are 
devoted to modules, this study ranging from the structure of semi- 
simple modules (defined as modules every sub-module of which is a 
direct summand), through the tensor product to matrices, and 
eventually systems of linear equations. The chapter concludes with a 
study of graded modules. The remaining two chapters are devoted to 
algebras over a commutative ring, chapter IV being a general survey, 
and chapter V considering the associative case. In the latter chapter the 
pattern of proceeding from the general to the particular is exceptionally 
pronounced. The chapter proceeds by way of the tensor algebra of a 
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module, the exterior algebra of a module and Grassman algebras to the 
definition of a determinant. Later, rings of polynomials are essentially 
introduced as the symmetric algebras of free modules. 

In the reviewer’s opinion this book is not suitable as the initial text- 
book for a student wishing to learn what abstract algebra is about, but 
ean teach someone at the research student level or above an enormous 
amount. A considerable knowledge of abstract algebra is necessary for 
the appreciation of what Professor Chevalley has tried to do, and of 
the success with which he has achieved his object. 

D. REEs 


Provability in Logic. By Stic Kancer. Stockholm Studies in 
Philosophy I. Pp. 47. Sw. Cr. 10.00. 1957. (Almgvist and Wiksell, 
Stockholm) 

In a paper published in the Mathematische Zeitschrift in 1934, 
Gerhard Gentzen introduced a new formalisation of logic, the sequence 
calculus, which sought to bring reasoning in formal logic much closer 
to the mathematical prototype. In the sequence calculus the rows of 
a proof are not formulae (sentences) but sequences of formulae separated 
into antecedent and succedent formulae by an arrow. The intended 
interpretation of a sequent like 


is that the disjunction of the G’s is deducible from the conjunction of 
the F’s; in particular a proof of the sequent “+ A” is a proof of 
formula A and a proof of “A -”’ is a disproof of A. 

Kanger has constructed a version of the sequence calculus in which 
each type of sequent is derivable by the application of a sole derivation 
schema so that starting with the sequent to be proved we retrace the 
steps of a possible proof in a unique and entirely mechanical pattern. 
This does not of course provide a mechanical method for testing whether 
or not any given sequent is provable, since there is no means of deciding 
whether the process of retracing steps ever comes to an end or not. 
Kanger proves that this system is complete in the sense that every 
sequence valid according to a given class of valuations is provable and 
obtains a version of the Léwenheim-Skolem theorem and a (non- 
finitary) proof of the Gentzen Hauptsatz. 

The book concludes with applications to modal logic and 4 con- 
struction of a Gentzen-type version of calculi of Lewis and Feys. 


R. L. GoopstEern 


An introduction to Automatic Digital Computers. By R. K. Livestery. 
Pp. 53. 8s. 6d. 1957. (Cambridge University Press) 


This little introduction presents a clear and attractive account of the 
elements of machine programming, and the uses to which machines have 
been put, together with a non-technical account of the methods of 
input, output and storage of numbers in various machines. 

R. L. G. 
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‘Studies in Differential Equations’. Edited by H. T. Davis. Pp. 
vi, 114. 1956. (Northwestern University Press, Illinois) 


This small volume is made up of four papers. The first paper ‘Studies 
relating to a Non-Linear Differential Equation of Second Order, with 
Special Reference to the First and Second Transcendents of Painlevé’ 
is by Harold T. Davis, who edits the whole volume. The object of this 
investigation is the study of certain special cases of the second order 
non-linear differential equation 


Ay’ + By’ + Cily’? + D=0 (1) 


where A, B, C, D are polynomials in y whose coefficients are assumed 
to be functions of x. The class of differential equations solved by elliptic 
functions suggested to Painlevé and others the problem of classifying 
equations of type (1) into special categories with respect to the character 
of the singular points of the solutions, investigating particularly the 
conditions which must be imposed upon (1) to ensure that all the 
critical points of a solution are fixed points instead of movable points. 
This investigation resulted in the discovery of fifty canonical types of 
equations which the desired property, all but six of which were found 
to be integrable in terms of elementary or classical functions. The 
six remaining equations required the introduction of new transcendental 
functions (called Painlevé transcendents). The major part of Prof. 
Davis’ paper is devoted to the study of the solutions of the equations 


y” = by? + da, (2) 
y = (3) 


which define the first and second transcendents of Painlevé. Explicit 
formulae are derived for the evaluation of the elements of the solution 
of these equations and then used to compute tables of these functions 
y(x) and their first derivatives for the initial values y(0) = 1, y’(0) = 0 
and for the particular values 0, 1, 2, 3, 4, 5 or A and yw. In the compu- 
tation two series are used: a Taylor series in the neighbourhood of a 
point where the solution is analytic, and a series defining the function 
in the neighbourhood of a polar singular point. A method for trans- 
ferring the computation from one type of series to the other is also 
developed. In the case of the equation (2) the author defines a function 
which generalises the Jacobi elliptic function sn(v) and which, for special 
values of its parameters reduces to a function in terms of which the 
Painlevé transcendent can be expressed algebraically. The paper is 
clearly written, the results are illustrated graphically and there is a 
full bibliography. 

The first of the four papers on partial differential equations is a 
short note by G. Springer on Baecklund transformations which trans- 
form a given partial differential equation into itself. This is followed by 
two papers by W. T. Scott. The first is on linear Baecklund trans- 
formations which share the property which the author calls reversi- 
bility. In it he establishes a general approach to the theory of the 
linkage of two systems of second order partial differential equations in 
m dependent and n independent variables. The restrictions on the 
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coefficients of a Baecklund transformation in order to produce the 
desired linkage of second order systems are derived but these co- 
efficients are characterized completely only in the case of two inde- 
pendent variables and this case is discussed fully. The special case where 
the Baecklund transformation involved links two first order systems 
is also considered in some detail. The second of Scott’s contributions is 
a short note in which he explores the possibility of using the hodograph 
transformation to linearize a system of three first order quasi-linear 
partial differential equations in three independent and three dependent 
variables. The final paper in the volume is the Ph.D. Thesis (Syracuse 
University, 1950) of the late Daniel Resch; the thesis has the title 
‘Some Baecklund Transformations of Partial Differential Equations of 
Second Order’. The main problem it considers is to find the proper 
Baecklund transformation which will link second order partial differ- 
ential equations in three independent variables so that it discusses a 
special case of the problem analyzed by Scott in the first of his two 
papers (but it should be pointed out that Resch’s work came before 
Scott’s). The author finds that if the Baecklund transformation is 
linear in the dependent variables of the linked equations and their 
derivatives, then hyperbolic second order equations can be linked. 
The conditions on the coefficients of the Baecklund transformation 
which performs this linking are a set of first order non-linear partial 
differential equations, which, can be solved in general. 

Although the topics discussed in the last four papers have interesting 
applications in gas dynamics these are only hinted at here. The interest 
throughout is entirely in the theoretical problems raised. The papers are 
all well written and give clear accounts of interesting pieces of research. 
They should certainly be studied by anyone with an interest in the theory 
of differential equations. I. N. SNEDDON 


International Symposium on Algebraic Number Theory. Pp. 287. 
1955. (Pan-Pacific Press, Tokyo) 

These Proceedings contain the more important lectures given at a 
Symposium on Algebraic Number Theory in 1955. Of particular 
interest are the papers given on the abstract theory of complex multi- 
plication, based on algebraic geometry, by A. Weil, G. Shimura and 
Y. Taniyama. About the importance of this work there can be no 
doubt; but even the expert will find it difficult to read the reports, 
as the proofs are sketchy and partly based on work unpublished at the 
time. H. HEILBRONN 


Die Berechnung der Klassenzahl Abelscher Korper tiber Quadratischen 
Zahlkérpern. By Curt Meyer. Pp. 132. 1957. DM 29. (Akademie- 
Verlag, Berlin) 

This book deals with the class-number formula for Abelian extensions 
of quadratic number fields. The principal tool is the Kroecker limit 
formula for Abelian L-series in quadratic fields. Though the author 
gives a complete solution of his problem the results will probably be of 
interest to the specialist only. H. HEILBRONN 
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An Introduction to Differential Algebra. By Invinc KapLansxy. 
pp. 64. 800 fr. 1957. (Hermann, Paris) 

This beautiful little book is precisely what its title says it is. Roughly 
speaking, differential algebra is what happens to the theory of com- 
mutative rings and fields when one assumes, in addition to the usual 
operations, one having the formal properties of differentiation. One 
motivation for this is provided by the desire to say exactly what is 
meant by the assertion that a differential equation is solvable by 
quadratures, and to find criteria for this to happen. The problem 
is evidently analogous to the problem of the solution of an algebraic 
equation by radicals, and since the solution of this preblem is found in 
Galois theory, it is not surprising that Galois theory plays a central 
role in this book. 

A problem which is by no means trivial here, though its classical 
analogue is trivial, is to ask what sort of group the Galois group can be. 
In the case dealt with in the book, the extension is obtained by adjoining 
the solutions of a linear equation, which form a vector space, and the 
elements of the Galois group are linear transformations of this space. 
The answer to the question turns out to be that the Galois group is an 
algebraic matrix group; and a particularly valuable feature of the book 
is the discussion of algebraic matrix groups which this necessitates. 
This discussion is carried further than is strictly required, and I was 
delighted to find at the end of it a very slick proof of the theorem 
that a group whose centre is of finite index has a finite derived group. 

The whole book is written in the lively and immaculate style one 
expects from Kaplansky, and is fairly free of misprints. The use of 
capital letter O rather than figure 0 as the characteristic of a field is so 
regular that I am bound to assume it done on purpose; I hope it does 
not become a habit. Altogether this book should be compulsory reading 
for algebraists; even analysts might get something out of it. 

JRAHAM HIGMAN 


Projektive Geometrie. By G. Groscue. Teil 1. Pp. vi, 204. DM. 10.20. 
Teil 2. Pp. 196. DM. 9.10. 1957. (Teubner, Leipzig) 

The author starts with a foundation of elementary geometry, and 
studies those properties which are invariant under projective trans- 
formations (the influence of Klein is felt throughout the book). Both 
geometrical and algebraic methods are used, so that the book forms a 
bridge between elementary geometry and abstract projective geometry 
(either axiomatic or algebraic). The algebra needed is quite extensive: 
linear algebra and elementary group theory are frequently used. 

The first part deals with all the usual topics in one-dimensional geo- 
metry and the properties of points and lines in plane geometry: in 
particular, there is a good section on collineations, which are often 
ignored in textbooks. 

There is a very clear account of the introduction of improper elements 
(points and lines at infinity) by geometrical methods, and an interesting 
treatment of homogeneous coordinates in a plane, which links them with 
the direction ratios of lines through a fixed point in three-dimensional 


space. 
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The second part deals with the properties of conics and with pro- 
jective geometry in n-dimensional space. 

A misleading statement occurs in section 22 of part 1. The author 
shows that any projective transformation of a line can be expressed in 
one of the forms 


J t—t 
k, 
(i) 
: 1 1 
(i) 


and he says in each case that k is a constant of the transformation. 
Now in (i) & is invariant: that is, it is independent of the choice of 
reference points on the line. However, in (ii) & is not invariant, as we 
see by taking a new unit point, so that the new parameter uw is given by 
u = At(A # l). 

The book will interest anyone who wishes to see projective geometry 
from a somewhat different point of view from that adopted in most 
other books. 

E. J. F. Prmrose 
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S.W. WALES MATHEMATICAL ASSOCIATION 
REPORT FOR THE Sesston 1957-1958 


During the year 1957-58, two meetings of the Branch were held, 
the summer meeting being waived in order to support the fourth cen- 
tenary commemoration of the death of Robert Recorde, 1510-1558. 

(a) Autumn Meeting. On November 16th, 1957, nearly all members 
of the Branch attended at the University College, Swansea, where 
Mr. A. P. Rollett renewed acquaintance with many teachers who 
had attended courses under his guidance. He spoke in his inimitable 
way on Mathematics and Teaching. 

Before he addressed the meeting, Mr. Gwilym Davies, Bishop 
Gore School, Swansea, was elected chairman in succession to the 
late Mr. T. G. Foulkes, who had been chairman for a number of 
years, and was the first secretary when the Branch was founded in 
1933. There is no doubt that the survival of the Branch is almost 
entirely due to the persistence and devotion to the cause of Mathe- 
matics, of the late Mr. Foulkes, and his very sudden death on 
April 11th, 1957 profoundly shocked and grieved members of the 
Branch. 

(b) Spring Meeting. This was addressed by Dr. A. C. Bassett, 
secretary of the Examinations Board of the W.J.E.C. on ‘‘The 
W.J.E.C. examination with particular reference to Mathematics.’ 

As might be expected the greater part of his time was spent in 
answering questions, some of which were accepted, but one felt that 
on other questions, Dr. Bassett had other attributes than merely 
Mathematics, e.g. the ability to “stonewall”, and the avoidance of 
the direct answer, two of the essential qualifications for a diplomat. 

There was no Summer meeting, but the Branch was asked to 
support the Robert Recorde course-conference, held at Trinity 
College, Carmarthen on July 18-20. 

This was organised by the Faculty of Education, Aberystwyth, 
under the chairmanship of the Dean, Professor Idwal Jones. The 
arrangements were in the hands of Dr. Jac Williams, Mr. Idris 
Williams, H.M.I., and Mr. D. D. Rees of Trinity College. 

The inaugural lecture was given by Dr. M. A. Hoskin, University of 
Leicester, on ‘““Mathematics before Recorde,” at which about 90 
people attended. 

On Saturday morning Mr. Prag, Westminster School, gave a talk 
on ‘‘Robert Recorde the XVI century Mathematician,” and in the 
course of his remarks, proceeded to show that the painting of 
Robert Recorde, which had been very carefully placed on the centre 
of the stage, was, in fact, not that of Recorde. This shattering 
statement was also supported by a member from the floor, who 
pointed out, that the attractive red gown shown in the painting 
could not possibly be worn at the time of Recorde. What a pity! 
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and he looked just the sort of man who would invent the equals 
sign. In spite of these conclusions, the painting was allowed to 
remain in position until the end of the course and then put care- 
fully away, to be brought out again, possibly, in 2058 a.p. at the 
5th centenary. 

The next speaker was Dr. Gareth Evans, University College, 
Swansea, who spoke on Cosmology in the time of Recorde and the 
concept of time and vacuum. After one remark of Dr. Evans’, one 
formed a mental picture of his clambering stealthily up the walls of 
one of the colleges at Cambridge by moonlight, with ruler, set 
square and a pair of compasses, measuring the windows to check 
whether the length and breadth had been chosen in the ratio of the 
Golden section or in some other simpler ratio. 

Saturday afternoon produced no Mathematics but a talk was 
given by Mr. Gwyn A. Williams, Aberystwyth, who spoke at very 
great speed on the social conditions in 8.W. Wales at the time of 
Recorde. 

The last lecture was given by Professor E. T. Davies, University of 
Southampton, on “Some trends in Mathematics today.” Professor 
Davies, who was born onlya few miles from Carmarthen, and renewed 
friendships with many of his contemporaries, spoke of (a) the almost 
terrifying rate of progress of Mathematical research today; (b) the 
gap between school and University Mathematics and the frontiers 
of Knowledge; (c) the importance of Applied Mathematics today, 
and (d) computing machines. 

One must say that the whole course from the speakers down to 
the food was of a high standard, and the organisers are to be 
complimented on the success of the venture. 

On Sunday morning two buses took members to Tenby for a 
service at the church in which there is a plaque commemorating 
Robert Recorde (1510-1558) the mathematician, inventor of the 
equals sign, and a native of Tenby. 


Robert Recorde. 


(1) Wrote books in dialogue form:— 
(a) Grounde of Artes (Arithmetic) 1549 
(b) Pathway to Knowledge (Geometry) 1556 
(c) Castle of Knowledge (Astronomy) 1556 
(d) Whetstone of Witte (Algebra) 1557 
Each book was the first of its kind to be written in English. 
(2) Invented the equals sign; (no two things could be more equal 
than two parallel lines): 
(3) Minted the first shilling in 1549. 


W.S. Evans, Hon. Sec. 


a 
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NEW SOUTH WALES BRANCH 
REPORT FOR THE SESSION 1957-1958 


The annual general meeting of the N.S.W. Branch was held on 
3lst October 1958, when the retiring President, Miss I. Barnes, 
presented the Presidential address on the topic “The Changing 
Place of Mathematics in the Secondary School Curriculum.” 

Election of office-bearers for 1958: 

President, Dr. I. S. Turner; Secretaries, Miss D. Brownell and 
Mr. A. R. Bunker; Treasurer, Mr. J. H. Veness. 

Other meetings held during 1958 were: 

1. 2nd May—Discussion of Mathematics Examination papers. 

2. 4th July—Address by Professor Robinson (Toronto) on 

“Mathematics in Canadian Schools and Universities.” 

3. lst August—Address by Dr. Wall (Sydney University) on 

“The Galois Theory of Equations.” 

. 19th September—Address by Mr. Graham on the topic “The 

Value of Exactness in Arithmetic.” 

As at 30th September 1958, 800 names were recorded as members. 


A. R. Bunker, Hon. Sec. 


THE LIVERPOOL MATHEMATICAL SOCIETY 


REPORT FOR THE SEssION 1957-1958 
Officers: 
President, Rev. R. A. S. Martineau; Vice-President, Dr. T. J. 
Willmore; Treasurer, Dr. W. F. Newns; Secretary, Dr.G. R. Baldock. 


Committee: 


Mr. R. Bromley, Dr. A. Fletcher, Miss L. Harvey, Mr. J. Kershaw, 
Mr. W. O. MacDonald, Miss D. B. Walker, Mr. A. Young. 


Report of Meetings. 

14th October 1957. The Society’s prize for the Session 1956-7 was 
presented to Mr. J. C. Lidgate. Dr. P. C. Davey addressed the 
Society on ‘A View of Grammar School Mathematics To-day.” 

11th November 1957. The meeting took the form of a discussion on 
the Mathematical Association Report ‘‘Analysis—Course I’’ (1957). 
The discussion was opened by Dr. T. M. Flett and several members 
contributed comments. 


9th December 1957. Mr. Maxwell Lander delivered a lecture 
entitled ‘Insurance Mathematics and the Work of the Actuary.” 


20th January 1958. Mr. A. Kirk addressed the Society on 
“Automatic Computers.” 


i 
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3rd March 1958. Dr. G. C. Shephard of the University of 
Birmingham gave a lecture entitled ‘What is Topology.” 

12th May 1958. The President chose for his address to the 
Annual General Meeting the title “Symbols and Imagination.”” The 
following members were elected to serve on the Council during the 
Session 1958-9. 

President, Dr. T. J. Willmore; Vice-President, Dr. P. C. Davey; 
Treasurer, Dr. W. F. Newns; Secretary, Dr. G. R. Baldock. 
Committee: Mr. R. Bromley, Dr. A. Fletcher, Mr. J. Kershaw, 
Miss D. B. Walker, Mr. W. M. Brookes, Dr. T. M. Flett, Rev. R. A. 
S. Martineau. 


There are about 100 members in the Society, and the average 
attendance at meetings is about 50. 
G. R. Batpock, Hon. Sec. 


FOREIGN LANGUAGES 


It would be extremely useful to have a list of members of the 
Association who have some knowledge of one or more foreign 
languages. It is difficult to indicate the degree of competence, 
but four levels might be considered 


(a) reading 

(b) understanding a lecture 

(c) conversation 

(d) ability to give a lecture. 

There is an increasing need for people prepared to attend short 
conferences abroad (usually at public expense) or to help in 
occasional work with such international efforts as the organisation 


for European Economic Cooperation, and the International Congress 
of Mathematicians. 


Please write, without undue modesty, to Mr. A. P. Rollett, H.M.L., 
Ministry of Education, Curzon Street, London W.1. 


i 
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THE FINANCE ACT, 1958 
SEcTION 16 


The Mathematical Association has been approved by the Commis- 
sioners of Inland Revenue for the purposes of Section 16, Finance 
Act, 1958. 

This means that the whole of the annual subscription paid by an 
ordinary member who satisfies the provisions set out below will be 
allowable as a deduction from his emoluments assessable to income 
tax under Schedule E. 

A member of the Association who pays an annual subscription 
and satisfies the provisions should apply at once to his tax office for 
form P358, on which to make a claim for adjustment of his PAYE 
coding. 

The provisions which members must satisfy are set out in the 
following paragraph: 


Commencing with the year to 5 April 1959, a member 
who is assessable to income tax under Schedule E in respect 
of the emoluments of an office or employment is entitled to 
a deduction from those emoluments of the whole of the 
annual subscription which is due and payable by him to 
the Association in the income tax year provided that 

(a) the subscription is defrayed out of the emoluments 

of the office or employment, and 

(b) the activities of the society, so far as they are directed 

to the advancement or spreading of knowledge and 
improvement of standards of competence among the 
members, are relevant to the office or employment. 


Members who experience difficulty in making their application 
for a PAYE re-coding should quote the reference: 

Chief Inspector of Taxes Branch, C.I./SUB/433, dated 10th 
December 1958. 


J. B. M. 
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WRANSPARSNT MODELS 


The close co-operation and guidance from many of the world’s 
leading Mathematicians, have contributed in the manufacture of 
these Transparent Educational Models. They are unique in the 
field of visual teaching aids for advanced Mathematics, having 
decided advantages over the more usual solid type models for 
demonstration purposes. A range of transparent models are 
available to cover all aspects of mathematical teaching. 


Please fill in and return the coupon below, for our complete catalogue of these 
transparent models. 
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Pure Mathematics: A First Course 
J. K. BACKHOUSE, M.A. & S. P. T. HOULDSWORTH, M.A. 


‘The book is very good value and is worth the serious consideration of all 
teachers at this particular level.’ Times Educational Supplement 


‘Whilst the scope of this book is that of a generous first year sixth form 
book on analysis, the grading of the material also makes it very suitable 
for fifth form work. ... The authors have included a number of their own 
ideas on presentation and sequence, in a sound and convincing fashion, 
whilst the usual working techniques are suitably brought in.’ 

12s. 6d. Mathematical Gazette. 


General Mathematics 
J. B. CHANNON, M.A. & A. McLEISH SMITH, B.A. 


Book 1. with answers 8s. without answers 7s. 3d. 
Book 2. with answers 8s. 3d. without answers 7s. 6d. 
Book 3. with answers 9s. 3d. without answers 8s. 6d. 
Book 4. with answers without answers 
probably 9s. 3d. probably 8s. 9d. 


Mathematics for 


Higher National Certificate 


A. GEARY, M.A., M.Sc., H. V. LOWRY, M.A. & 
H. A. HAYDEN, D.Sc. 


‘The authors have succeeded in providing a students’ text-book which 
combines careful attention to detail with a width of outlook and emphasis 
on the understanding of basic principles rather than the acquisition of a 
given routine.’ Schoolmaster 

15s. 


Fundamental Building 


Mathematics paArRT 2 
C. BOOT, B.Sc., A.L.Struct.E., M.R.San.I. & D. DAKIN. 


‘The authors and publisher are to be congratulated on the production of 
this volume—‘Boot & Dakin’ will surely become a standard work for 
building students, so well do the authors understand and fill their mathe- 
matical needs.’ Technical Journal. 

14s. 


LONGMANS 


An approach to the Alternative Syllabus which 
is interesting, relevant to experience and alive 


MATHEMATICS TODAY 


by E. E. Biggs and H. E. Vidal 


INTRODUCTORY COURSE 
PART ONE The Tools of Mathematics 336 pages = 9s. Od. 
8s. 6d. 


PART TWO Mathematics in Action 288 pages 


MAIN COURSE 


PART ONE The World We Live In 336 pages 9s. Od. 
PART TWO The Measurement of the World 368 pages 10s. Od. 
PART THREE Largest and Smallest 208 pages 7s. Od. 
Answer Booklets for each Part each 2s. Od. 


aAtmmancs Topay is the result of a concerted effort of pupils and 
teachers at Watford Grammar School for Girls to discover the best 
methods of meeting the recommendations of the Jeffery Report for an 
Alternative Syllabus. The five parts of Mathematics Today are intended 
for the normal five-year course leading to Ordinary level in the General 
Certificate of Education, one part for each year. 


Teachers who are interested in the Alternative Syllabus but who may 
be diffident about changing, because they do not know how to present 
to younger pupils material which has for so long been taught in the Sixth 
Form only, will find the detailed but simple text invaluable. Clear diagrams 
are included throughout the series whenever these help to explain the text. 


SEND FOR LOAN COPIES 


To: GINN AND COMPANY LTD., 
18 BEDFORD ROW, LONDON W.C.1 


Please send on loan Mathematics Today Intro. Course Parts One . .Two . . 
Main Course Parts One . .Two. .Three.. (Tick what is wanted) 
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Principles of Statistical Techniques 
P. G. MOORE 


An account of statistical methods and applications illustrated 
with numerous examples and — little knowledge of 
mathematics. For all who wish to what statistics are and 


Integral Equations — 
F, SMITHIES 
This tract is devoted to the study of non-singular linear integral 
equations. The treatment has been modernized by the systematic 
use of the Lebesgue integral. CAMBRIDGE MATHEMATICAL TRACTS 
27s. 6d. net 


The Potential Theory of Unsteady 
Supersonic Flow 
J. W. MILES 
A systematic survey of the theory of aerodynamic foroes 
from unsteady motion of the structural componeats of 
aircraft. CAMBRIDGE MONOGRAPHS ON MECHANICS AND APPLIED 


Cosmic Electrodynamics 
J. W. DUNGEY | 


; 
how to use them, 22s. 6d. net 
i 
| 
| MATHEMATICS. 45s. net 
il A consolidation of the theoretical basis of cosmic electro- oy 
i} dynamics, with particular emphasis on its fundamental aspects. : 
|| CAMBRIDGE MONOGRAPHS ON MECHANICS AND APPLIED MATHE- if i} 
CAMBRIDGE UNIVERSITY PRESS 


An approach to the Alternative Syllabus which 
is interesting, relevant to experience and alive 


MATHEMATICS TODAY 


by E. E. Biggs and H. E. Vidal 


INTRODUCTORY COURSE 
PART ONE The Tools of Mathematics 336 pages 9s 
PART TWO Mathematics in Action 288 pages 8s. 


MAIN COURSE 
PART ONI The World We Live In 336 pages 9s. Od. 
PART TWO The Measurement of the World 368 pages 10s. Od. 
PART THREE Largest and Smallest 208 pages 7s. Od. 
Answer Booklets for each Part each 2s. Od. 


Agane atics Topay is the result of a concerted effort of pupils and 
teachers at Watford Grammar School for Girls to discover the best 
methods of meeting the recommendations of the Jeffery Report for an 
Alternative Syllabus. The five parts of Mathematics Today are intended 
for the normal five-year course leading to Ordinary level in the General 
Certificate of Education, one part for each year. 


Teachers who are interested in the Alternative Syllabus but who may 
be diffident about changing, because they do not know how to present 
to younger pupils material which has for so long been taught in the Sixth 
Form only, will find the detailed but simple text invaluable. Clear diagrams 
are included throughout the series whenever these help to explain the text. 


SEND FOR LOAN COPIES 


GINN AND COMPANY LTD., 
Is BEDFORD ROW, LONDON W.C.1 


Please send on loan Mathematics Today Intro. Course Parts One. .Two.. 
Main Course Parts One. .Two..Three.. (Tick what is wanted) 
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Principles of Statistical Techniques 
P. G. MOORE 


An account of statistical methods and applications illustrated 
with numerous examples and requiring little knowledge of 
mathematics. For all who wish to what statistics are and 
how to use them. 22s. 6d. net 


Integral Equations 
F, SMITHIES 
This tract is devoted to the study of non-singular linear integral 
equations. The treatment has been modernized by the systematic 
use of the Lebesgue integral. CAMBRIDGE MATHEMATICAL TRACTS 


27s. 6d. net 


The Potential Theory of Unsteady 
Supersonic Flow 
J. W. MILES 
A systematic survey of the theory of aerodynamic forces resulti 


aircraft. CAMBRIDGE MONOGRAPHS ON MECHANICS AND APPLIED 
MATHEMATICS. 45s. net 


Cosmic Electrodynamics 
: J. W. DUNGEY 
A consolidation of the theoretical basis of cosmic electro- 
dynamics, with particular emphasis on its fundamental aspects. 
CAMBRIDGE MONOGRAPHS ON MECHANICS AND APPLIED MATHE- 
MATICS. 32s. 6d. net 


CAMBRIDGE UNIVERSITY PRESS 
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B SCHOOL MATHEMATICS 


2 


by H. E. PARR, M.A. Part I. 9th Edition. 8s. 9d.; with answers, 
9s. 3d. Or in two sections, A and B, 5s. each. Part Il. 9th Edition, 
Ils.; with answers, ||s. 6d. Or in two sections, A and B, 6s. 6d. 
each. Part lil. 6th Edition. 6s. 6d.; with answers, 7s 


“A book which many teachers will want to try with their 
classes . . . the bookwork and examples are models of their 
kind. The type and layout are excellent, the many illustrative 
diagrams are bold and clear.” —JoURNAL OF EDUCATION 


A FIRST GEOMETRY 


by C. V. DURELL, M.A. 7th Edition. 224 pages. 6s. 


the years 11-++ to 13+. “Ideas are introduced gradually 

The exercises are very numerous and afford profuse matter for 
detailed discussions. .. . Throughout, the eye and mind are 
assisted by numerous diagrams, ... There are many stimula- 
ting questions.”"—MATHEMATICAL GAZETTE 


ELEMENTARY ANALYSIS 


by A. DAKIN, M.A., B.Sc., and R. |. PORTER, M.A. 10s. 6d. 


This standard book, now in its 16th Edition, provides a very 
eon av 3 work for the first year in the Vith form. “Very 

well-arra and the numerous examples provide 
excellent practice for both average and more advanced 
pupils.” —THE a. 


FURTHER 
ELEMENTARY ANALYSIS 


Page PORTER, M.A. 7th Edition. Demy 8vo. 2\s. net 


le for all but the mathematical specialist. ‘The develop- 
on is concise and gives an admirable introduction to basic 
methods. . It can be recommended with confidence.” 

JOURNAL OF EDUCATION 


New 1959 Mathematics catalogue sent on request 


